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Abstract Stability results are presented for a class of differential and difference inclusions, so-called
positive Lur’e inclusions which arise, for example, as the feedback interconnection of a linear positive
system with a positive set-valued static nonlinearity. We formulate sufficient conditions in terms of
weighted one-norms, reminiscent of the small-gain condition, which ensure that the zero equilibrium
enjoys various global stability properties, including asymptotic and exponential stability. We also consider
input-to-state stability, familiar from nonlinear control theory, in the context of forced positive Lur’e
inclusions. Typical for the study of positive systems, our analysis benefits from comparison arguments
and linear Lyapunov functions. The theory is illustrated with examples.
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1 Introduction

Positive dynamical systems, or simply positive systems, are dynamical systems where the evolution map
leaves a positive cone invariant. The most natural positive cone is the nonnegative orthant of Euclidean
space, equipped with the partial order of component wise inequality, noting also the often interchan-
geable use of the words “positive” and “nonnegative” in this context. The study of positive systems is
motivated by numerous applications across a diverse range of scientific and engineering contexts, such
as communications, logistics, economics, biology, chemistry, and ecology. Invariance of a positive cone
captures the essential property that state-variables of positive systems, typically modelling abundances
or concentrations, must take nonnegative values to be meaningful. Consequently, positive systems are
well-studied objects, with textbooks which address the subject including [1,2,3,4,5,6]. The study of po-
sitive systems described by linear dynamic equations is grounded in the seminal work by Perron and
Frobenius in the early 1900s on irreducible and primitive matrices. Attention has more recently turned
to generalisations of the Perron-Frobenius Theorem to nonlinear maps, including [7,8,9], for instance.
Related to the theory of positive systems is the theory of monotone dynamical systems, where solutions
inherit the same ordering (that is, with respect to the partial order which defines the positive cone)
throughout time as their initial states; see, for example [10], [11] or [12], and the references therein.

The breadth and depth of applications of positive and monotone systems has generated significant interest
in their control [1,13] which is currently an active research field. The analysis of positive control systems
benefits from readily constructed and easily scalable Lyapunov functions [14]. In addition to numerous
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important examples, control of positive systems is motivated by the challenges which nonnegativity
constraints place, since subtraction is not always well-defined in positive cones, for instance. As such, the
following fundamental facets of linear control theory all require different treatments for positive systems:
reachability and controllability [15,16], observability [17], realisability [18,19] and stabilisability [20,21].
However, the additional structure afforded by positivity is often intuitive, mathematically helpful and
thus simplifies matters. For example, in classical robust control, the complex and real stability radii,
introduced in [22,23] are, in general, different for linear systems, but are known to be equal for linear
positive systems, see [24].

Differential inclusions arise as the appropriate mathematical framework for rigorously describing the
solutions of differential equations specified by discontinuous functions and are now a classical subject
addressed in many textbooks, including [25,26,27]. Their study has partly been motivated by optimal
control theory [28], developed in economics and engineering, see also [29] and [30]. Crucial to the mathe-
matical underpinning of differential inclusions is the concept of a set-valued (or multi-valued) map [31],
one of the building blocks of non-smooth analysis. In systems and control theory, differential inclusions
provide a toolbox for modelling hybrid systems [32], robust control [33,34] as well as hysteresis effects,
such as backlash or play [35,36].

We consider the class of positive differential inclusions
i — Ar € BF(Cx), z(0)=2a", (1.01)

so-called Lur’e inclusions, where A, B and C are appropriately sized matrices, with certain nonnegativity
properties and F' is a nonnegative set-valued function. Differential inclusions of the form (1.01) often
arise in closed-loop from the linear control system

&= Az + Bu, z(0)=2° y=Cur, (1.02)
in feedback connection with the static set-valued (nonlinear) output feedback
ue Fy),

and generalise the well-known and important class of nonlinear control systems referred to as (positive)
Lur’e or Lurie systems, to which (1.01) reduces if F is singleton-valued.

In the usual situation that 0 € F'(0), it follows that zero is an equilibrium of (1.01). We present sufficient
conditions in Theorem 2.5 for the zero equilibrium to be globally stable, asymptotically stable, and
exponentially stable. We note that in a dynamical systems context, exponential stability is in many
respects a more important and natural notion of stability than asymptotic stability alone, see [37]. Our
results are instances of so-called absolute stability theory; see, for example [36,38,39,40,41,42] and the
references therein, in that we formulate assumptions on the transfer function G(s) = C(sl — A)~!B,
where s is a complex-variable, which ensure the respective notions of stability for all set-valued functions
F for which the “product” G(0)F(y) satisfies certain norm bounds. The conditions may be interpreted
as small-gain conditions in a weighted one-norm. In the spirit of absolute stability theory, stability of
the zero equilibrium is determined by the norm-estimates and not by the individual nonlinearity F'
itself. The inherent robustness to uncertainty in F' adds to the appeal and utility of absolute stability
results. As corollaries we obtain stability results for certain time-varying Lur’e inclusions and to systems
of positive Lur’e differential inequalities, both of which we describe. Our analysis crucially depends on
the positive systems structure as we make extensive use of comparison arguments, and linear Lyapunov
functions, which also go by the names of linear copositive Lyapunov functions [43] and are examples of
sum-separable Lyapunov functions [44]. These techniques are not applicable in the general (non-positive)
case, where, for example (see [47, Theorem 3.2]), quadratic Lyapunov functions are used which come
from classical systems theoretic concepts such as the solutions of controller /observer Lyapunov equations
or algebraic Riccati equations associated with the Bounded Real Lemma or Positive Real Lemma.

Related to (1.01) is the forced version
& — Ar € BF(Cz) + D, (0)=a", (1.03)

where D is a set-valued function which models external forcing or disturbances. Clearly, when D(t) = {0}
for all ¢ > 0, then (1.01) and (1.03) coincide. A sample forced Lur’e system is depicted in a block diagram



arrangement in Fig. 1.1. We comment that (1.03) includes the situation wherein the forcing acts through
B, that is, D = BE, for another set-valued function E, in which case (1.03) is the feedback interconnection
of (1.02) and

ue F(y)+E.

Here the natural notion of stability, now of the zero equilibrium pair (x = 0, D = {0}) of (1.03), is

D
Y
G(s)=C(sI - A)~'B

Fig. 1.1: Block diagram of the forced Lur’e system (1.03).

so-called input-to-state stability (ISS) initiated in [45]; see as well the tutorial paper [46]. Roughly, ISS
means that the map from (2%, D) to [|z(t)|| has “nice” uniform boundedness properties, where x is a
solution of (1.03). Our Theorem 2.11 states that the same assumptions which ensure exponential stability
of zero in (1.01) also ensure that the zero equilibrium pair of (1.03) enjoys the exponential ISS property,
paralleling recent findings in [47,48].

The approach we adopt readily admits treatment of positive Lur’e difference inclusions, that is,
at — Az € BF(Cz) + D, z(0) =", (1.04)

where T denotes the image of z under the left-shift operator, viz. z7(t) = z(t + 1), for all ¢ € Ny. In
Theorem 3.1 we present analogous sufficient small-gain conditions for various global stability properties
of (1.04).

The motivation for the current study is to derive stability results for multivariable (that is, multi-input
multi-output, or MIMO) positive Lur’e inclusions — nonlinear positive control systems — which, as
already stated, arise in a variety of applied scenarios. Of particular interest to the authors are models
arising in biology and ecology, naturally positive systems, which are the subject of Example 4.2. In this
context, Lur’e difference equations have been proposed as models in, for example, [49,50,51,52], and
have also been proposed for models of plant species with seed banks [53]. Briefly, this connection has
been made as Lur’e systems allow both vital or transition rates which are density-independent (that
is, linear) and density-dependent (that is, nonlinear), the latter facilitating the modelling of Allee [54,
55,56], competition or crowding effects. As inherently “noisy” systems, not described by classical, well-
understood equations of motion, there is often much uncertainty in parametrising ecological models,
with different qualitative trends being observed in different parametrisations [57]. The robustness to such
uncertainty afforded by the treatment of dynamic inclusions and set-valued analysis is thus especially
applicable and appealing. Although clearly existing results for the absolute stability of Lur’e inclusions
such as those in [36] and [48] do apply here, since these papers are not aimed at positive systems, their
results are necessarily more conservative.

There is some partial overlap between the present work and [58,59], where absolute stability results
for continuous- and discrete-time positive dynamical systems (of differential or difference equations,
respectively, including Lur’e systems) are presented, although for unforced systems only. These results
also appear in the monograph [1, Ch. 5] by the same authors. In [1,58,59] a linear dissipativity theory
approach is adopted and we compare results in Remarks 2.14 and 3.4. Our work in part extends that of [49]
and [60] which consider positive Lur’e difference and differential equations, respectively, both with scalar
nonlinearities. It is possible in these specific situations to present “trichotomies of stability” explicitly in
terms of the model data, which ensure that, under certain assumptions, solutions either converge to the
zero equilibrium, or a unique non-zero equilibrium, or diverge. Similar limit set trichotomies have been
established for various classes of monotone discrete-time dynamical systems in [2, Ch. 6] and [61] for
finite-dimensional systems and in [12,50,51] for infinite-dimensional systems. In Remark 3.5, we compare
some of our findings with those from the monotone systems and control literature, namely [62,63]. In the



present paper we restrict attention to stability of the zero equilibrium alone and do not consider limit
set trichotomies.

The paper is organised as follows. Sections 2 and 3 contain our main results, namely, global stability
properties of the Lur’e differential inclusions (1.01) and (1.03), and the Lur’e difference inclusion (1.04),
respectively. Section 4 contains three examples discussed in detail. We present some brief summarising
remarks in Section 5.

Notation: We collect notation and terminology used in the sequel. The symbols N and R denote the
sets of positive integers and real numbers, respectively, and No = {0} UN. For n,m € N, we let n :=
{1,2,...,n}, R™ and R™*™ denote usual n-dimensional Euclidean space and the set of n x m matrices
with real entries, respectively. The superscript 7 denotes both matrix and vector transposition. For
M,N € R"*™ with entries m;; and n;;, respectively, we write

MSN ifmijgnijforaﬂieﬂ,jEm,
M<N ifM<NandM=#N,
M <« N ifmij < Ny forallieﬂ,jEm,

with the corresponding respective conventions for >, > and >. If M € R}*™ or, equivalently, 0 < M,
then we say that M is nonnegative. We call M positive or strictly positive if 0 < M or 0 < M,
respectively, noting that there are different conventions present in the literature for the term positive
matriz. Given v € R, 0 < v, we let

n

V= meinvj>0 and |z, := vT|x|:Zvj|£Ej|, Vo= (21 ... xn)TER",
jen ;
j=1

where the i-th component of |z| € R’} is defined to be |z;|. We note that |- [, is a norm on R™ and, if

z € RY, then |z|, = vTz.

We recall that a nonnegative square matrix M € R}*" is irreducible if, and only if, for each i,j € n
there exists & € N such that the (4, j)-th entry of M* is positive. Strictly positive matrices are evidently
irreducible, and small irreducible matrices (which are not strictly positive) include

001
((1) (1)) and 100
010
Irreducible matrices presently play a role because Perron-Frobenius theory applies to them, which we

discuss later in the text.

A matrix M € R™*" is called Metzler, also known as quasi-positive or essentially nonnegative, if every
off-diagonal entry is nonnegative (see, for example, [5, Ch. 6]). We let (M) and «(M) denote the spectral
radius and spectral abscissa of M, respectively, which we recall are given by

r(M):=max{|A] : A€ o(M)} and «(M):=max{ReX : A€ a(M)},

where o(M) denotes the spectrum of M. For v € R™, ||v|| and ||M|| denote a (any) monotonic norm of
v and the corresponding induced operator norm of M, respectively. Recall that a norm is monotonic if
for all z,y € R™

T
lz| <lyl = |zl <llyll where |z]:= (Ja1]... |za])” .
Every p-norm for 1 < p < oo is monotonic. We let || -||; denote both the one-norm and induced one-norm.
For v,w € R™ with v < w, we define the order interval [v,w] C R"™ as
[v,w]:={zeR" : v<z < w},
which, in light of the componentwise definition of the partial order <, is equal to the Cartesian product

of intervals, viz.

[v,w] = [vy,w1] X [vg,w2] X -+ X [vp,wy,] where v= (v ... vn)T, w=(w ... wn)T .



The symbols I and 1 denote the identity matrix and vector with every component equal to one, re-
spectively, the size of which shall be consistent with the context. We note that with the above definitions
lz]l1 = |z|1, for 2 € R™.

For a set X, we let P(X) denote the power set of X, Py(X) = P(X)\ {0} and, if X is a subset of a
normed-space,

X1 = sup [z]],
rzeX

with the convention that ||@]| = 0. If X,Y C V are subsets of a vector space and T : V — V a linear
operator, then the sum X + Y and image T'X are defined as

X+Y ={z4+y:2eX,yeY} and TX :={Tz:ze€X}.

Finally, a function g : R™ — R™ is said to be lower semi-continuous if every component g; : R” — R is
lower semi-continuous, where i € m, that is

gi(x) <liminf g;(y) VzeR".

y—x

2 Continuous-time systems

In this section we consider continuous-time Lur’e inclusions, treating the unforced and forced cases in
separate subsections. We first collect some terminology and results which are used in both subsections.

Given a set-valued map H : Ry x R® — Py(R") and 2° € R"™, we say that an absolutely continuous
function z : [0,w) — R™ for 0 < w < 00, is a solution of the initial value problem

@(t) € H(t,z(t)), z(0)=2", (2.01)

if (2.01) holds for almost all ¢ € [0,w). If w = oo, then « is said to be a global solution. If z : [0,w) — R™
is a solution of (2.01) for some 0 < w < oo, then # is a locally integrable selection of t — H (¢, z(t)).
Therefore, for all 0 < t; <ty < w, the set

. H(s,x(s)) ds := {/t2 h(s) ds ’ h € L*([t1,t2]; R") is a selection of ¢ — H(t,x(t))} ,

t1 t1

is non-empty and, with this notation, = satisfies the integral inclusion

x(te) —x(t1) € /t : H(s,x(s)) ds. (2.02)

1

We shall consider the special case of (2.01) with
H(t,z) = Ax + BG(t,Cz) + D(t), (2.03)
and
(A,B,C) e RV" x R™*™ x RP*" D :Ry — Py(R"), and G:Ri xRP — PB(R™), (2.04)

for some m,n,p € N. We will impose positivity and stability properties on the data in (2.04) later in the
section. Combined, (2.01), (2.03) and (2.04) give rise to the system of Lur’e differential inclusions

@(t) — Az(t) € BG(t,Cx(t)) + D(t), z(0)=2", tcR,. (2.05)

Our primary, but not exclusive, focus is the autonomous case wherein G(¢,y) = F(y), for some F : RP —
Py(R™), so that (2.05) reduces to (1.03). The set-valued forcing term D : Ry — Py(R™) does not play
a role in Section 2.1, where (1.01) is considered by taking D = {0}. As mentioned in the Introduction,
when G is singleton-valued then (2.05) simplifies to a system of Lur’e differential equations; a special
case which we consider in Section 2.3. We next state and prove a “variation of parameters” expression
for solutions of forced Lur’e inclusions. No stability or positivity properties are required for this result.



Lemma 2.1 For model data (2.04) and 2° € R"™, let = : [0,w) — R™ denote a solution of (2.05) for
some w > 0. Then x satisfies the inclusion

x(t) —eMal € /Ot eAlt=7) [BG(7,Cx(7)) + D(1)] dr Vte[0,w). (2.06)

Proof Let 0 < t < w be fixed, but arbitrary, and define an absolutely continuous function z on [0,¢] by
2(1) := e2=T)z(7). Obviously, 2(0) = e**2° and z(t) = x(t), and a routine calculation shows that z
satisfies the differential inclusion

diZ(T) € eAlt=7) [BG(7,Cx(7)) + D(7)] almost all 7 € (0,1).
u

Therefore, in light of (2.02),

#0)=20) = [ atr)ir € [ ARG Cx(r) + D)

which implies that
t
z(t) — M2l € / A= [BG(r,Ca(r)) + D(7)] dr.
0

Since 0 < t < w was arbitrary, we conclude that (2.06) holds. O

The following equivalence, known as “loop-shifting” in the control engineering jargon, shall also play a
key role, and is easily established. Namely, for fixed K € R™*? 20 € R"™ and model data (2.04), the
function z is a solution of (2.05) if, and only if, « is a solution of

(t) — (A+ BKC)z(t) € B(G(t, Cx(t)) — KCz(t)) + D), z(0)=2° teR,. (2.07)

We introduce the positivity and stability properties of A, B, C', D and G as in (2.04):

(A1) (A,B,C) e R x RP*™ x RE*" | A'is Metzler, D : Ry — Py(R%) and G : Ry x RE — Py(R7);
(A2) a(A) < 0;

(A3) there exists R > 0 such that

lwll < Rllyll VweG(ty) VEteR, VyeRE.

We comment that we shall interpret (A1) and (A3) in the autonomous case as well, meaning that
G(t,y) = F(y) for some F : RP — Py(R™).

We briefly discuss an issue pertaining to domains which often arises when studying positive systems, to
reconcile the general case (2.04) to the assumptions made in (A1). Indeed, under (A1), the function G
is only defined on Ry x RE . Some existence theory (see, for example, [25, Theorem 1, p. 97]) for (2.01)
assumes that H : I x 2 — Py(X) where I C R and 2 C X C R"™ are open, which clearly fails with
I =R, and 2 = R} Therefore, if J : Ry x R — Py(R"}) denotes the right hand side of the differential
inclusion (2.05) under (A1), then we extend J to RxR", and denote the extension J, : RxR"™ — Py(R? ),
by setting Jo(t,x) := J(max{0,t}, u(x)) with p: R™ — R”} defined by

w(z) := (max{0, z1}, max{0, x5} ... maX{O,xn})T Vo= (21... xn)T € R"™. (2.08)

Since J and J, coincide on R’}, we may seek solutions of & € J.(x), as an immediate consequence of the
positivity assumptions in (A1) is the following.

Lemma 2.2 Under assumption (A1), every solution x : [0,w) — R™ of (2.05) with 2° € R7 takes
values in R for all t € [0,w).

Proof The claim follows from the variation of parameters inclusion (2.06) combined with the nonnegati-
vity assumptions in (A1). Crucially, we have used that A is Metzler if, and only if, eA* > 0 for all ¢ > 0;
see, for example, [10, Section 3.1]. O



We conclude this section by commenting that the loop-shifting property, see (2.07), holds without the
assumptions (A1)—(A3). It demonstrates that we may replace A and G in (1.03) by A + BKC and
(t,y) = G(t,y) — Ky, respectively. In particular, A may not satisfy assumption (A2), but A + BKC
may do so, for some K € RP*™. In other words, this means that there is a so-called stabilising static
output feedback u = Ky for the linear system (1.02), which is the approach we take in Example 4.1. Of
course, in the current setting of positive Lur’e inclusions, the choice of K shall be constrained by the
requirement that A + BKC and (t,y) — G(t,y) — Ky satisfy (A1) as well, which may be infeasible in
some cases.

2.1 Unforced systems

We consider the Lur’e inclusion (1.01) with assumptions (A1)—(A3). Recall from the previous section
that this is a special case of (2.05). We note that the assumptions on A, B,C and F' do not a priori
guarantee that (1.01) admits solutions. Existence of solutions is not the focus of the present investigation,
primarily as it is an extensively studied subject in the literature. That said, we do make some comments
and provide some references regarding the existence of solutions. Recall the extension J, from Section 2,
defined in terms of u from (2.08). The following lemma shows that J, inherits many useful properties
from J. The proofs are readily established once it is noted that p is Lipschitz with Lipschitz constant
equal to one.

Lemma 2.3 Let J : Ry x R} — Py(R%) and define Jo(t,x) := J(max{0,t},u(x)) where p is given
by (2.08). If J has any of the following properties: bounded, closed valued, convexr valued, upper semi-
continuous, lower semi-continuous, then Jo has the corresponding property.

Examples of results ensuring existence of solutions of (1.01) include [25, Theorem 3, p. 98], [26, Propo-
sition 6.1, p. 53] and [27, Theorem 7.5.1, p. 279]. The results [25, Theorems 1 and 4, p. 97, p. 101], [26,
Lemma 5.1, p. 53] and [26, Theorem 6.1, p. 53] provide conditions under which global solutions of (1.01)
exist, from which we obtain the following.

Proposition 2.4 Given the Lur’e inclusion (1.01), assume that (A1) and (A3) hold and that F' is upper
semi-continuous with closed, convex values. Then, for all 2° € R", there is a global solution of (1.01),
and every solution may be extended to a global solution. Further, every solution x satisfies x(t) € R"} for
all t where x(t) is defined.

Proof The lemma follows from applications of [26, Lemma 5.1, p. 53] and [26, Corollary 5.2, p. 58], which
establish existence of solutions, and extension to global solutions, respectively. Lemma 2.2 ensures that
every solution is nonnegative. O

We shall later briefly consider non-autonomous versions of (1.01), specifically (2.05). In this context, [26,
Theorem 5.2, p. 58] provides further assumptions on G which, combined with (A1)—(A3), guarantee
the existence of global solutions. In fact, under (A1)—(A3), any result guaranteeing existence of local
solutions which uses continuous (or Caratheodory) selections of z — Az + BF(Cz) (or (t,z) — Az +
BG(t,Cxz)) will, in fact, ensure existence of global solutions by well-known theory of maximally defined
solutions of ordinary differential equations (see the proof of [25, Theorem 1, p. 97]).

The main result of this section is presented next, and contains a suite of stability results for (1.01)
formulated in terms of weighted one-norm inequalities and G(0), assuming that global solutions exist.
Here G denotes the transfer function of the triple (A, B, C), that is, G(s) = C(sI — A)~! B, where s is
a complex variable. Recall that a matrix A € R"*" is Metzler with a(A4) < 0 if, and only if, —A~! > 0
(see, for example, [5, characterisation Ngg in Section 6.2] or [66, characterisation Fy5]). Consequently,
under assumptions (A1) and (A2), it follows that G(0) = —CA™'B € RE*™.

Theorem 2.5 Given the Lur’e inclusion (1.01), assume that (A1)—(A3) hold.
(i) If there exists a strictly positive v € RY such that

IG(O)w|, < lyls Ywe F(y) VyeRE, (2.09)



then there exists I' > 0 such that, for all 2° € R, every global solution x of (1.01) satisfies
lz@®)|| < T||2°|| VteR,.

(ii) If there exist a strictly positive v € RE and a lower semi-continuous function e : RE. — Ry such
that
e(y) >0 and |GO)wl, +e(y) <|yl, Ywe F(y) YyeRE\ {0}, (2.10)

then, for all 2° € R™, every global solution x of (1.01) satisfies x(t) — 0 as t — co.

(iii) If there exist a strictly positive v € RE and p € (0,1) such that
[GO)wly < plyls Vw e F(y) Yy eRY, (2.11)
then there exist I',~y > 0 such that, for all 2° € R, every global solution x of (1.01) satisfies

lz@)ll < Te™ ™[l Ve R,

The notion of stability concluded in statement (i) is often called “stability in the large”, see [36, Definition
3], which, when combined with statements (ii) and (iii) yield that the zero equilibrium of (1.01) is globally
asymptotically and globally exponentially stable, respectively. Before proving the above theorem, we
provide some commentary on assumptions (2.09)—(2.11).

Remark 2.6 The weighted one-norm estimates (2.09)—(2.11) provide conditions on the norm of the “pro-
duct” G(0)F(y) and not on a product of norms. Sufficient conditions for (2.09)—(2.11) are linear con-
straints which are reminiscent of sector-type conditions in a nonnegative orthant. Namely, if there exists
an irreducible matrix M € RT” with r(M) <1 such that

GO)w <My YweF(y) YyeRY, (2.12)

then (2.09) holds. To see this, multiply both sides of (2.12) on the left by vT, a strictly positive left
eigenvector of M corresponding to the eigenvalue (M), the existence of which is ensured by the Perron-
Frobenius Theorem (see, for example, [5, Theorem 1.4, p. 27]). Further, if there exists an irreducible
matrix M € RY? with (M) < 1 and a lower semi-continuous function ¢ : Rf. — R% such that

C(y) >0 and G(O)w+((y) <My VYweF(y) VyeRL\{0},

then (2.10) holds with e := vT(, by the same argument as above. If there exists a nonnegative (not
necessarily irreducible) matrix M which satisfies (2.12) with the property that r(M) < 1, then (2.11)
holds. O

Proof of Theorem 2.5. Throughout the proof, we let  : Ry — R denote a global solution of (1.01) for
given ¥ € R%.
(i): As G(0) > 0, the condition (2.09) may be rewritten as
v G(0)F(Cxz(t)) C[0,0TCx(t)] VteR,. (2.13)
Multiplying both sides of (1.01) by —vTCA~! and invoking (2.13) yields that
—vTCA 1 i(t) € —vTCA™ [Az(t) + BF(Cx(t))] = —v” Cx(t) + v G(0)F(Cz(2))
C [~vTCx(t),0] for almost all t >0,

whence
—vTCA7Yi(t) <0 for almost all t > 0, (2.14)

and, further,
0< A  2(t) < —0TC71 Az VieR,. (2.15)

We claim that there exists 8 > 0 such that

02 < -A"'2 VzeRy}. (2.16)



To that end, choose 8 > 0 such that A + SI > 0, so that in particular

oo tk
e““mtzg:E#A+ﬂnsz vicRy.
=0

As A is Metzler with a(A) < 0, in light of (2.17) we have, for z € R,
—A = / etz dt = / eATBDt=BL, gt > / e Ptodr =2 ,
0 0 0 B

which is (2.16) with 6 :=1/8 > 0. Using (2.15) and (2.16) shows that
Ov||Cx(t)||; < 0T Cz(t) < —vTCA  2(t) < —0vTCA™2° VieR,,
which implies, by norm equivalence, that there exists P > 0 such that

ICx()] < Pla°] VteR,.

(2.17)

(2.18)

Invoking Lemma 2.1, the variation of parameters inclusion (2.06) with G(¢,Cxz(t)) = F(Cz(t)) and

D = {0}, combined with (A3) and (2.18), we may estimate
t
nmwns<mm|+RP/“m““ﬂBwh)mﬂ|VteR+
0

whence, by (A2), we conclude that statement (i) holds.
(ii): Our hypotheses ensure that statement (i) holds. First, suppose that

Cz(t) >0 ast— oo,

(2.19)

and fix € > 0. We note that for any 77 > 0, we may use (A2), (A3) and (2.19) to estimate that &

satisfying
t
g(t)e/ AT BE(Cx(r)) dr Vit > Ty,

Ty

admits the estimate

t t
€@l S/T e IBIIF(Cx(r)ll dr < HBIIR/T leA ||| Ca(r)| dr

<

3

DN | ™

for Ty > 0 sufficiently large. Consequently, ||£(¢)|| < e/2 for all t > T3. Since x satisfies

t
z(t) —eAtTg(Ty) e / AT BRE(Cx(r))dr Vit >T,

Ty

(which follows easily from (2.06)), invoking (A2) gives T2 > T such that for all ¢ > T3

| (t) — ATa(Ty)| < =

_ 3
<S5 el < [ATHm)|+5 <

hence lim;_,o z(t) = 0 as t — oo, as required, provided that (2.19) holds.

Therefore, it remains to establish (2.19). For which purpose, fix z° € R\ {0} and, seeking a contradiction,
suppose that (2.19) fails. Then there exist a sequence (t;)reny € Ry and € > 0 such that ¢t ~ oo as

k — oo and
2e < ||Cz(ty)|] VEkeN.

By statement (i) we have that « is bounded, and hence from (1.01) and (A3) it follows that & is bounded

as well. Hence «x is uniformly continuous, and so is Cx. Consequently, there exists § > 0 such that

e <||Cxt)|| < T|C||||=°]] VYt € [t,tr +6] VkEN,

(2.20)



where we have used the bound for z from statement (i). As ¢t " 00 as k — 0o we may assume that
tg+1 >t + 0 for all k € N (by redefining the sequence (t)ren if necessary). Define

M:={¢eR} : e < ¢ <I|C|2°]}, (2.21)
a compact set which does not contain zero. We claim that there exists n > 0 such that
inf [v7¢ - 0T G(0)w] > . 2.22
cem V7€~ T GO)w] > (2.22)
weF(§)

To establish (2.22), note that by (2.10),
[0T¢ — 0T G(0)w] > e(€) > C16%6(4) =n>0, YweF(¢),VEeM,

as e is a lower semi-continuous function which is positive-valued for positive arguments, and M is a
compact set which does not contain zero.

Consider next the real-valued, nonnegative function
f:Ry =Ry, f(t):=—vTCA  2(t),
which is absolutely continuous, non-increasing by (2.14) and, furthermore, satisfies
f(t) = —vTCA i(t) € =T Cx(t) + vT G(0)F(Cx(t)) for almost all t € Ry . (2.23)
In light of (2.20), (2.22) and (2.23), we see that for every k € N
f(t) € (=00, —n] for almost all t € [ty, ty + ],

which yields that
[tk +06) = f(tr) < —né.

Since f is non-increasing and txy1 >t + 0 for all k € N
showing that

N
fltns1) = f(t) = Z [f(tier) = f(tr)] < —ndN = —00 as N — oo,
k=1

which contradicts the nonnegativity of f.
(iii): Let 0 < ¢1 < ¢o be such that
alyll < lylo < collyll Vy e RP. (2.24)

Fix € > 0 such that p + e < 1. Since a(A) < 0 and as G is continuous at 0, there exists § > 0 such that

gCt

0<y<d = a(A+~4I)<0 and |G(—y)— G(0)] < g (2.25)
2
Thus, for fixed vy € (0,0), we note that G(—v) > 0 and, further, for y € R} and w € F(y),
G(—y)wly = v G(=7y)w = vT[G(—7) = G(0)]w + |G(0)wl,
<|[G(=7) = G(O)]wly + [G(0)wl,
ec
< l|G(=) = GO)| - [[wll + plylo < = llw]l + plylo < (= + p)ylo
< [ylo, (2.26)

where we have used (A3), (2.11), (2.24) and (2.25). Multiplying both sides of (2.26) by e, and taking
w e F(e™7¢) with £ € RE | we see that

"G (—Y)wl, < |e7 |, = ¢l Vwe F(e %), VEERE, VteR,. (2.27)

10



Define z(t) := e z(t) for t € R4. A routine calculation using (1.01) shows that z is a solution of
2(t) — (A+~D)z(t) € Be"'F(e "' C2(t)), =2(0)=2" tecR,. (2.28)
Multiplying both sides of (2.28) by —vTC(A +~vI)~! and invoking (2.27), we obtain the estimate
0,07 C2(t) < —vTC(A+ D)7 2(t) < —0TC(A+ )12 VieR,,
for some 60, > 0, so that there exists L > 0 such that
IC2(0)]l < Lll2®ll VteRy.

Applying Lemma 2.1 to (2.28) with D = {0} and G(¢,Cz(t)) = F(Cx(t)) shows that

t
2(t) — AT D0 ¢ / eADE=T) B P (™" C2(7)) dr Vit e R, .
0

Invoking the boundedness of Cz and (A3) we see that
t
Iz < 1400 + [ o420 e ezt ar
0
t
< (||e<A+“>t|| +LR/ He<A+W><t—T>BH dT) I2°] ViteR,.
0

Since (A +~I) < 0 and 2° € R’} was arbitrary, we conclude that there exists I" > 0 such that
Izl < lla| ¥teRy, Va° e RY,

and so
lz@®)l < Te™2°] VteRy, Va® €RY,

as required. a
In certain cases, the weighted one-norm estimate (2.09) itself implies that F' must satisfy (A3), which
we formulate as the next lemma.
Lemma 2.7 Assume that A, B, C and F satisfy (A1) and (A2), and let G(s) = C(sI — A)~'B.
If (2.09) and at least one of the two conditions

(a) m =p and G(0) is irreducible;

(b) B,C #0, B has no zero columns and there exists A € RTXP such that A+ BAC is irreducible;
hold, then F satisfies (A3).

Proof Assume that (a) holds. By the Perron-Frobenius Theorem, irreducibility of G(0) implies that there
exists a strictly positive v € R and r > 0 such that

v'G(0)=rv" andso |G(0)z|, =7|z[, VzeRT.

The above equality, combined with norm equivalence of all norms on R™, implies that there exists
01,05 > 0 such that
01|z < [[G(0)z]| < 02|G(0)z|, V2 e€RY. (2.29)

Thus, by (2.09) and (2.29)
b1l < GOl < IGO)wl, < balyly < cBllyl Y € F(y), Yy e R,
for some ¢ > 0, which demonstrates that (A3) holds with R := cf3/6;.
Now assume that (b) holds. Suppose that z € R is such that G(0)z = 0. Since a(A) < 0 we have that

0=G(0)z=—-CA 'Bz = / CeATDt =t B dt > 0, (2.30)
0

11



where ¢ > 0 is such that 0 < A + 07 (such a ¢ exists as A is Metzler). As the integrand is continuous
and nonnegative, (2.30) implies that

0= CeAtNiBy =" A+ SI)*Bz Yt>0,
k=0

whence,

C(A+6D)fBz=0 VkeN,

and, therefore,
C(A+06I+ BAC)"Bz=0 VYkeN. (2.31)

Let ¢l # 0 and b; denote the i-th row and j-th column of C' and B, respectively, where we have used
that C' # 0. For each r € m, we see from (2.31) that

cF(A+0I + BAC)*b2, =0 VkeNg. (2.32)

As b, # 0 for every r € m and A+ 01+ BAC is irreducible, it follows from (2.32), by appropriate choices
of k € n, that z, = 0. Therefore, we deduce that z = 0 as r € m was arbitrary and thus G(0) has no
zero columns. Defining

we obtain, for z € R,

P

IG(0)zll = D (G(0)2)i = ) <Z[G(0)]z‘j> zj 2 ﬂZZj =Bl

=1 J=1 =1

We deduce that (2.29) holds, for some 61, 03 > 0 which, when combined with (2.09) and using arguments
identical to those used in the first part of the proof, establishes the claim. a

The condition (2.10) is an intermediate between (2.09) and (2.11) which, as the next result shows,
simplifies if more regularity assumptions are made on F.

Corollary 2.8 Assume that (A1)—(A3) hold and that F is upper semi-continuous with closed values.
If there exists a strictly positive v € RY. such that

IGO)wly <[yl YweF(y) VyeRL\{0}, (2.33)
then, for all z° € R, every global solution x of (1.01) satisfies x(t) — 0 as t — oco.
Proof We note that it is sufficient to show that (2.22) holds, because in this case the proof of the corollary

may be completed by arguments identical to those used in the proof of statement (ii) of Theorem 2.5.
To see that (2.22) holds, let y, € M and wy € F(yx) be such that

0"y — T G(0)wy — inf {vTE =0T G(0)w : w e F(§), € M} ask — oo,

where M is given by (2.21). Since y; € M and M is compact, (yi)ren has a convergent subsequence,
not relabelled, with limit y. € M, hence y. # 0. The upper semi-continuity of F' means that we may
choose another subsequence of (y)ren, again not relabelled, such that

wi € Fye) € F(ys) + B(0,1/k), (2.34)

where B(xz,r) C R™ denotes the open ball centred at x with radius » > 0. Assumption (A3) implies
that F(y.) is bounded and so, by (2.34), (wy)ren is bounded, and hence has a convergent subsequence,
not relabelled, with limit w,. Necessarily, from (2.34) we see that w. € F(y«) = F(y«), as F is assumed
to be closed valued. We conclude that

inf {UT§ —0TG0)yw : we F(§), € M} = klim [vak — UTG(O)wk] =vly, — 0T G(0)w, >0,
—00

by (2.33) as y. # 0, showing that (2.22) holds. O
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Although formulated for autonomous problems, Theorem 2.5 readily extends to the non-autonomous
differential inclusion (2.05) (still with D = {0}), provided the conditions in Theorem 2.5 hold uniformly
in time. We formulate these claims in the next corollary.

Corollary 2.9 Given the Lur’e inclusion (2.05) with D = {0}, assume that A, B, C and G satisfy (A1)-
(A3). Define
F:RE — Ry(RT), F(y) =|JG(ty). (2.35)
>0
If F given by (2.35) satisfies the conditions (2.09)—~(2.11) in Theorem 2.5, then the conclusions of The-
orem 2.5 hold for every global solution of (2.05) with D = {0}.

2.2 Forced systems

We next consider the system of forced Lur’e differential inclusions (1.03), where D : Ry — Py(R"). We
say that D : Ry — Py(R?) is (essentially) locally bounded or (essentially) bounded if

esssup [|[D(7)|| < oo VteRy or esssupl|D(7)|| < oo,
T€[0,t] T€[0,00)

respectively.

With regards to the existence of solutions of (1.03), we refer to, for example, [26, Ch. 3, Sections 5-6]
or [67, Theorems 1.1, 1.3, pp. 30-31]. The following result is based on [26, Theorem 5.2].

Proposition 2.10 Given the forced Lur’e inclusion (1.03), assume that:

(i) (A1)—(A3) hold;

(ii) F has closed, convex values, F(t,-) is upper semi-continuous and F(-,xz) is measurable;
(iii) D is measurable, locally bounded with closed, convex values.

Then, for every xz° € R, (1.03) has a global solution, and every solution may be extended to a global
solution. Further, every solution x satisfies x(t) € R} for all t where x(t) is defined.

Proof Existence of global solutions follows from an application of [26, Theorem 5.2] and [26, Corollary
5.2, p. 58] ensures that solutions may be extended to global solutions. Lemma 2.2 ensures that every
solution is nonnegative. ad

Assumption (A3) implies that F/(0) = {0} and hence z = 0, D = {0} is a solution of (1.03) with 2° = 0,
which we shall hereafter refer to as the zero equilibrium pair. We proceed to state and prove the main
result of the present section, namely that the assumptions made in statement (iii) of Theorem 2.5 are
sufficient for the zero equilibrium pair of (1.03) to be so-called exponentially ISS. The proof is similar to
that of statement (iii) of Theorem 2.5, and uses a so-called exponential weighting argument, see [36].

As will become apparent in the proof of Corollary 2.12, it is convenient in the next result to impose no
assumption on sign of the disturbance term D, but instead assume that the state x remains nonnegative.

Theorem 2.11 Given the forced Lur’e inclusion (1.03), assume that (A1)—-(A3) hold. If there exist a
strictly positive v € Rﬁ_ and p € (0,1) such that (2.11) holds, then there exists I',~y > 0 such that, for all
2 € R}, all locally bounded D : Ry — Py(R™) and every global nonnegative solution z of (1.03),

Je@ll < (e )2 + esssup D) Vi € Ry (2.36)

T€[0,t]
If D is nonnegative-valued, that is D(t) C R’ for almost all £ > 0, then the hypotheses of Theorem 2.11

ensure that (2.36) holds for every global solution z of (1.03). The inequality (2.36) is the definition of
exponential ISS of the zero equilibrium pair (in the current set-valued setting).
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Proof of Theorem 2.11 Fix 2° € R and D : Ry — Py(R™) as above and let  be a global, nonnegative
solution of (1.03). Let &,y > 0 be such that p+¢ < 1 and «(A + vI) < 0. Defining z(t) := e"x(t) for
t > 0, which is also nonnegative, an elementary calculation using (1.03) shows that z is a solution of

2(t) — (A+~D)z(t) € BeY'F(e "'Cz(t)) + 7' D(t), 2(0)=2", teR,. (2.37)
Multiplying both sides of the above by vT'C(—~I — A)~! yields that
T C (=T — A)7 () + 0T C2(t) € v G(—v)e"" F(e "' C(t)) + H(t) for almost all t € Ry, (2.38)

where

H(t) :=v'C(—I - A)'e""D(t) VteR,.

Using arguments similar to those involved in the derivation of (2.26), we see that for sufficiently small
>0
v G(—7)e" F(e™ ' C2(t)) C [0, (p+e)v" Cz(t)] VteRy, (2.39)

whence
vTG(f'y)e'YtF(e*'YtC’z(t)) +H(t) C0,(p+ s)vTC’z(t)] + H(t) for almost all t € R, . (2.40)
Setting 6 =1 — (p+¢) € (0,1) and

E(t) := [-vTC2(t), 60T C2(t)]

t
alt) = —ov /C’Z() VteR,, (2.41)
t) ;= D T d
€0 = ress s D)l / O dr

where k := ||[vTC(yI + A)7Y|| > 0, it follows from (2.38)—(2.40) that
v C(—yI — A7 4(1) € BE(t) + H(1) for almost all 7 € Ry,
so that

VT C(—I = A7 2(t) =T C(—I — A) 712’ € /Ot (E(r)+ H(r)) dr VteR,. (2.42)

Choose o € (0,6), and note that by definition of @ and monotonicity of the integral
t
ov||Cz| (o) +alt) < a/ v Cz(t)dr +a(t) <0 VteR,. (2.43)
0

Be definition of a and &, it follows from (2.42) that
v O(—yT — A) 7 2(t) + ovl|Cz| 1oty < v O(—yT — A) 2 + ov||Cz| 1o, + alt) +£(1)
<oTC(—Al —A) 2 4 ¢(t) VteR,,
by (2.43). Now, as 0 < vTC(—~I — A)~12(t), appealing to (2.41) yields that

IC[l 10,6y < Killwoll + Kae* sup, DI vieRy, (2.44)
T€[0

for some positive constants K7 and K5, which are independent of ¢, D and 29,

An application of Lemma 2.1 to (2.37) implies that

t
2(t) — eATTDEL0 ¢ / eATDU=T) [BITF(e™ " C2(7)) + " D(7)] dr VteER,.
0
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Invoking (A3) and a(A + vI) < 0, we estimate ||z(¢)| using the above inclusion as follows

12(8)]] < Kal|2®|| + Ka||Cz|| 100y + Kse S‘fft] 1D ()l
T7€|0,

< (K3 + Ky ) |20 + (KaKa + Ks)e  esssup [|[D()|| Vi€ Ry,
T€[0,t]

by (2.44), for some K3, K4, K5 > 0 which are independent of ¢, D and 2°. Thus,

lz (@)l < I(e™"]|2°] + esssup [[D(T)[I) V¢ € Ry,

T€[0,t

where I' := max {Kg + Ky K1, K4 Ko + K5}, completing the proof. O

The next corollary is a so-called ISS with bias result (see [36,48]) which states that if the condition (2.11)
fails on a bounded set, then solutions of (1.03) (which include those of (1.01)) still admit uniform
estimates of the form (2.36), but with an additional positive constant term. We note that ISS with bias
is closely related to the concept of input-to-state practical stability (ISpS), see [68,69]. Although ISpS
applies to more general nonlinear forced control systems, a difference is that it does not typically specify
the form of the additional constant, denoted § in the bounds below.

Corollary 2.12 Given the forced differential Lur’e inclusion (1.03), assume that (A1)-(A3) hold. If
there exist a strictly positive v e R, p € (0,1) and © > 0 such that

IG(O)wly < plyls Ywe F(y) VyeRE, |y| >0, (2.45)

then there exist I',y > 0 such that, for all 2° € R and all locally bounded D : Ry — Py(RY), every
global solution x of (1.03) satisfies

le@ll < T (e |2°] + esssup [ID(r)l| + B) V¢ € Ry, (2.46)
T€[0,t]
Here
B :=||B]| sup ( sup (dist(w,S(y)))) , (2.47)
llyll<é \weF(y)
and
S(y) = {w e F(y) : [GO)w|, <plylo} € F(y). (2.48)

The number § in (2.47) seeks to capture the extent to which the inequality in (2.45) is violated on the
set {y € RE : |ly|| < ©}. Observe that if © = 0, then 3 = 0 and the conclusions of Theorem 2.11 and
Corollary 2.12 coincide.

Proof of Corollary 2.12 Define H : RY. — Py(R7') by

) {F<y> Il > e,

S(y) vl <o, (2.49)

where S(y) is given by (2.48), so that H satisfies (A3). For given 2 € R} and D : Ry — Py(R%), let =
denote a global solution of (1.03). As D(t) C R’} for almost all £ > 0, we have that 2 > 0 and thus z is
also a global nonnegative solution of

i — Az € BH(Cz) + B[F(Cz) — H(Cz)| + D = BH(Cz) + E, 2(0) =2", (2.50)

where E := B[F(Cz) — H(Cxz)] + D. We seek to apply Theorem 2.11 to (2.50), with F' and D in (1.03)
replaced by H and E, respectively. Although it is possible that E(t) ¢ R% for some ¢t > 0, since
x is nonnegative it suffices to verify that E is locally bounded. We consider two exhaustive cases: if
[|Cx(t)|| > ©, then

esssup ||| E(t)]|| = esssup [|D(7)]|| < oo,

T7€[0,t] T€[0,]
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by construction. Alternatively, if ||Cz(¢)| < ©
esssup | E(t)|| < sup [[|[B[F(Cu(t)) — H(Cx(t))]||| + esssup [[D(r)]l
T€[0,t] tel0,7] T€[0,t]
< B+esssup ||D(7)]| < o0 (2.51)
T€[0,t]

Therefore, the hypotheses of Theorem 2.11 hold which, when combined with (2.51), yield the existence
of I,y > 0 such that z satisfies the estimate (2.46). O

2.3 Positive Lur’e differential equations and inequalities

As indicated in the Introduction, the stability (or otherwise) of equilibria of Lur’e differential equations,
or simply Lur’e systems, has been the focus of much attention in the control theory literature. The forced
positive Lur’e system

@(t) = Az(t) + Bg(t,Cx(t)) + d(t), =x(0)=2° teR,, (2.52)

where g : Ry xR, — R7" and d : R;. — R}, is a special case of the forced positive Lur’e inclusion (1.03)
with

F(y) == (J{gt.y)} VyeRL and D(t):={d(t)} VteR,.
teRy

In certain applications, the so-called forced positive Lur’e inequality
0 < @(t) — Az(t) < Bg(t,Cx(t)) +d(t), x(0)=2° teR,, (2.53)

is also of interest. Note that an absolutely continuous function z : Ry — R™ is a solution of (2.53) if,
and only if, x is a solution of (1.03) with

F(y) == (J0,9(t,y)] YyeRE and D(t):=[0,d(t)] VteR,.
teR,

In both of the special cases above, the set-valued map F' satisfies assumption (A3) if, and only if, there
exists R > 0 such that

lgtt. )l < Rllyl VteRy, VyeR]. (2.54)

We note that (2.52) is a particular case of (2.53), and so focus attention on (2.53). The following corollary
is an immediate consequence of Theorems 2.5, 2.11 and Corollary 2.12.

Corollary 2.13 Given the forced positive Lur’e inequality (2.53), assume that (A1) and (A2) hold and
that g satisfies (2.54).

(i) If d = 0 and there exists a strictly positive v € R such that
IG(0)g(t,y)le < lyly VteR,, VyecRY, (2.55)
then there exists I' > 0 such that, for all 2° € R, every global solution x of (2.53) satisfies
lz@®)ll < Lllz®]l Yt €Ry.

(ii) Ifd = 0 and there exist a strictly positive v € RY. and a lower semi-continuous function e : RE. — R,
such that

e(y) >0 and |G(0)g(t,y)|lv +ely) <|ylv VteRy, VyeRE\{0} (2.56)

then, for all 2° € R, every global solution x of (2.53) satisfies z(t) — 0 as t — co.
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(iil) If there exist a strictly positive v € R, p € (0,1) and @ > 0 such that
(G(0)g(t:y)lo < plyle VEERy, Vye R [ly| >0, (2.57)

then there exist I,y > 0 such that, for all z° € R" and all d € LS. (Ry;RY), every global solution x
of (2.53) satisfies

o)l < T (2l + () llzm o + B) VEER,.
Here

5= 5(6) = 151 sup_(sup (dist(o(t.0). 7(0.1)) )

lly<e \t>0
and

T(t.y) = {we0,g(t,y)] SRY : |G(O)wly < plylv} -

The following remark provides some commentary on the above corollary.

Remark 2.14 As the conditions (2.55)—(2.57) are assumed to hold uniformly in the first variable, for ease
of presentation the following comments suppress this variable.

(a) In the situation where m = p =1 and g is continuous, the conditions (2.55), (2.56) and (2.57) (the
latter with © = 0) simplify to:

G(0)g(y) <y, G(0)g(y) <y (for y>0) and G(0)g(y) <py VyeR,y,

respectively.

(b) When m = p, a sufficient condition for (2.55) or (2.57) are the inequalities

1GO)lollgllo =1 or [[GO)[lullgllo <1, (2.58)
respectively, where
G(0)¢], 9l
IGO, = sup IEO8 g g, = sup S
cer?  [€lo eer?  [€lw
€40 €40

are the induced v-norms. The inequalities in (2.58) are reminiscent of classical small-gain conditions,
only here formed in the induced v-norm. We note that in general, [|G(0)||, # [|G(0)||2 = |G|z, where
the final equality is a property enjoyed by linear positive systems; see, for example, [24, Theorem 5].

(¢) The conclusions of statements (i) and (ii) of Corollary 2.13 are similar to those in [58, Theorem
7.2] or [1, Theorem 5.6, p.156], where a linear dissipativity theory approach to the absolute stability
of positive Lur’e systems is taken. In [58, Theorem 7.2] the authors assume that the pair (C, A) is
observable, and that the nonlinearity g satisfies 0 < g(y) < My for all y € R:, for some nonnegative
matrix M € R}"™P. Further, it is assumed that the triple (A, B, C) is exponentially linearly dissipative
with respect to the supply rate s(u,y) = 17u — 17 My, which is equivalent to the inequality

1"MG((0) < 17, (2.59)

The inequality (2.59) is itself equivalent to |[MG(0)|1 = ||[MG(0)||1 < 1 and may be interpreted as a
small-gain condition in the induced the one-norm. Although not directly comparable, our norm conditi-
ons in (i)—(iii) are more general as they allow a small-gain condition in a weighted one-norm induced by
any strictly positive vector, not just the usual one-norm, see Example 4.3. Finally, we remark that [58]
focusses on unforced systems only. (I

17



3 Discrete-time systems

In this section we turn attention to the systems of forced Lur’e difference inclusions (1.04) with properties:
(B1) (4,B,0) e R™™ x R*™ x RE*™, D : Ng — Py(R7%) and F : R — Py(RT);
(B2) r(A4) < 1;

where F is also assumed to satisfy (A3). Given 2° € R” and D : Ng — Py(R"), a function = : Ng — R
satisfying (1.04) is called a solution of (1.04), the guaranteed existence of which is not a concern in
discrete-time. As with the continuous-time setting, assumption (A3) implies that x = 0,D = {0} is a
solution of (1.04) with 2% = 0 which we refer to as the zero equilibrium pair. We comment that “loop-
shifting”, see (2.07), is also possible in discrete-time, particularly if (B2) fails, by replacing A and F' by
A+ BKC and y — F(y) — Ky, respectively, for K € R™*P.

Our main result of this section contains a series of global stability (when D = {0}) and ISS results
for (1.04), formulated in terms of induced weighted one-norm constraints. As before, let G denote the
transfer function of the triple (A4, B, C) with G(1) = C(I — A)~!B. Assumption (B2) implies that G(1)
is well-defined and together with (B1) implies that G(1) € RE*™.

Theorem 3.1 Given the Lur’e difference inclusion (1.04), assume that (B1), (B2) and (A3) hold.
(i) If D = {0} and there exists a strictly positive v € R such that
IG(wly < |yls Ywe F(y) VyeRYE, (3.01)
then there exists I' > 0 such that, for all 2° € R, every solution x of (1.01) satisfies
@)l < Illz°]] Yt €No.

(ii) If D = {0} and there exist a strictly positive v € RY and a lower semi-continuous function e : RE. —
Ry such that

e(y) >0 and |G(Lwl, +e(y) <l|yls Ywe F(y) VyeRE\{0},

then, for all 2° € R, every solution x of (1.01) satisfies x(t) — 0 as t — oo.
(iii) If there exist a strictly positive v € RE and p € (0,1) such that

G(Lwl, < plyl, Vwe F(y) Yy RY, (3.02)

then there exist I' > 0 and v € (0,1) such that, for all 2° € R% and all D : Ng — Py(R"}), every
solution x of (1.01) satisfies

()l < (312l + max ID@I) ¥t eN. (3.03)

Statements (i), (ii) and (iii) of Theorem 3.1 imply that, with D = {0}, the zero equilibrium of (1.04) is
stable in the large, globally asymptotically stable and globally exponentially stable, respectively. More-
over, statement (iii) implies that the zero equilibrium pair of (1.04) is exponentially ISS.

Proof of Theorem 3.1: Throughout the proof let = denote a solution of (1.04) for given z2° € R%.
(i): The inequality (3.01) implies that
vI'G(L)w € [0,07y] Ywe F(y) VyeRE. (3.04)

Multiplying both sides of (1.04) by vTC(I — A)~1, subtracting v7 C(I — A)~'x(¢) and invoking (3.04)
yields

vTCI — A ta(t+1) —oTO(I — A)7ra(t) e vTO(I — A)7H [Az(t) + BF(Cx(t))] — oI — A)~ta(t)
€ —vTCx(t) +[0,0v7Cx(t)] = [0 Cx(t),0],
so that
vTC(— A te(t 4+ 1) —vTO(I — A)7ra(t) <0 VieNg. (3.05)
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Furthermore, as A > 0 and r(A) < 1,

CzﬁC(ZAk>z:C(I—A)1z VzeRY,

k=0
and hence, arguing inductively in (3.05), we see that
v Cx(t) <oTO(I — A)7ta(t) <ovf'C(I — A2 VieN,.
Consequently, there exists P > 0 such that
|Cz(t)| < P||2°|] VteNg. (3.06)

As r(A) < 1, statement (i) now follows from the variation of parameters inclusion
t—1 ‘
(t) — A'2® € Y ATV BF(Ca(j)) teN, (3.07)
J=0
(which is easily established from (1.04) via induction on t), the estimate (3.06) and (A3).

(ii): Our hypotheses ensure that statement (i) holds, in particular meaning that every global solution
is bounded. It is sufficient to show that Cz(t) — 0 as ¢ — oo, as then z(t) — 0 as t — 0 by (3.07),
(B2) and (A3). To that end, fix z° € R% \ {0} and, seeking a contradiction, suppose that Cz(t) 4 0 as
t — oo, implying that there exists (¢x)ren, € N with ¢ " 0o as k — oo and ¢ > 0 such that

e <|Ca(te)| VkeNo.
Invoking statement (i), we conclude further that
e < ||Ca(te)ll < LICIH2°] Yk €N,

and so Cz(ty) € M for all k € Ny, with M defined as in (2.21). We claim that there exists n > 0 such

that
inf [v"¢—0v"G(w] > 1. :
Anf, [v"e—v"G(Dw] =7 (3.08)

weF(§)

The proof of (3.08) is identical to that of (2.22), and hence is omitted.

Next note that, by (3.05), the nonnegative sequence (v7'C(I — A)~'z(t))ien, is non-increasing and thus

convergent. We now estimate that

v O — A ta(ty,) — v O — A) oty +1) € vT Ca(ty) —vT G(1)F(Cx(ty)) C [n,00),
where the final inclusion follows from (3.08). As a consequence,

vTO(I — A)ta(ty) —vTC(I — A ta(ty +1) >n Yk €N,

which contradicts the convergence of (vI'C(I — A)~ a(t))sen, -

(iii): Fix 2° € R?, locally bounded D : Ny — Py(R’.) and let € > 0 be such that x := p + ¢ < 1. Since
r(A) <1 and G is continuous at 1, there exists § € (0,1) such that

ECy

1
—— <v<1l = r(A/y) <1l and |G(y)-G(Q)| < ey
2

5 (3.09)

where ¢1,c3 > 0 are the constants in (2.24). Thus, for fixed v € (1/(1 + 6),1) we note that G(y) > 0
and, further, for y € R} and w € F(y)

IG(wly =v" G(Yw =" [G(7) = GD)]w +|G(Lwl,
< eallG() = GO)|l[lwll + plyle < =2 o]l + plylo

< ElYlv s
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where we have used (A3), (2.24), (3.02) and (3.09). Multiplying both sides of the above inequality by
¢, and taking y = '€ for £ € R, we see that

TG wly <Kl = KlEly Ywe F(y'€) VEeRL VieN,

or, equivalently,
VI TIG(Y)F(v'E) C [0,k0TE] VEERE ViteN,. (3.10)

Define z(t) := vy~ tz(t) and H(t) := vTC(I — v 1A)" 4=+ D(¢) for t € Ny. An elementary calculation
using (1.04) shows that

21+ 1) =y Az(1) €y IBYTTF(yC2(1)) + 7" HID(r) VT eNy. (3.11)
Multiplying both sides of (3.11) by vTC(I —~y~1A)~! and invoking (3.10), we have that
vTCI =y A) M 2(r 4+ 1) — 2(1)) + 07 C2(7) € [0, k0" C2(7)] + H(T) VT €Ny,

whence
vIC(I =y A)H(2(r+ 1) — 2(1)) € [-vT C2(7), (k — L)W Cz(7)] + H(T) VT €N,. (3.12)
Defining E(t) := [-vTC2(t), (k — 1)vTC2(t)] for t € Ny, it follows from (3.12) that there exist selections

¢ and n of ' and H, respectively, such that
v O(I - 7_1A)_1(z(7 +1)—2(1)) =¢(r) +n(r) V7eN,.

Consequently,
vITO(I =y TA) 7 2(t) =0T C(T — 771 A) 120 + Z h(r)] VteN. (3.13)

Noting that, by construction, for § € (0,1 — &)
C(r) + 00T Cz(1) <0, V71eN,
we infer from (3.13) that

t—1
Ov(|C2] g1 0,1y < ZGUTC’Z( ) <oTCI — 1A 2(t) + ZGUTCZ T)
7=0
oTOI -yt A)” Z ) + 0uT Cz(T) + h(7)]
<oTCU -~y TA)™ +Zh VteN. (3.14)

A straightforward estimate shows that there exists K > 0 such that

i h(t) < Ky7'6(t) VteN, (3.15)

7=0

where
o(t) == max, D) VteN.

TEL—1

In light of (3.14) and (3.15) we may infer the existence of Ki, Ko > 0, independent of 2°, ¢ and D, such
that
102l @a-1 < K 2] + Ko™ max [ID@]] Yt €. (3.16)

Invoking (3.11), z satisfies the following inclusion

2(t) — (v ' A) ez (ytAy 1o J[ ‘1Bv‘jF(ijz(j>>+v‘<j+”D(j)} vteN,
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which, by (A3) and (3.09), may be estimated as follows:

2]l < Ksll2®|| + Kal|Czllero,e-1) + K577'0(t) VteN, (3.17)
for positive constants K3, K4 and K3, independent of 2°, t and D. Inserting (3.16) into (3.17) establishes
the claim with I" := max {Kg + K1 K4, K5 + K2K4}, as required. O

Remark 3.2 In Section 2 we obtained two corollaries to Theorem 2.5 — stability of certain non-autonomous
differential inclusions and boundedness of solutions when the linear constraint (2.09) fails on a compact
set, formulated as Corollary 2.9 and Corollary 2.12, respectively. The corresponding discrete-time ver-
sions of these results also hold mutatis mutandis, but, for the sake of brevity, are not formally stated.
O

3.1 Lur’e difference equations and inequalities

In parallel to Section 2.3, attention in the control theory literature has been devoted to the study of
(forced) positive Lur’e difference equations of the form

z(t + 1) = Az(t) + Bg(t,Cx(t)) + d(t), x(0)=2° teNp, (3.18)

where g : Ng x R — R and d : Ng — R’ It is also of interest to study the stability properties of
solutions of positive Lur’e difference inequalities, that is,

0 <a(t+1)— Ax(t) < Bg(t,Cz(t)) +d(t), z(0)=2", t€N, (3.19)
of which (3.18) is a special case. Both (3.18) and (3.19) are special cases of the forced positive Lur’e
differential inclusion (1.04) with respective F' defined analogously to those in Section 2.3.

The current section pertains to the difference inequalities (3.19) and we present a suite of discrete-time
stability results which forms the discrete-time analogue of Corollary 2.13. The discrete-time version of
the linear bound (2.54) is

lg(t, )l < Rllyll VieNo, VyeRL, (3.20)

for some R > 0.
Corollary 3.3 Given the forced positive Lur’e difference inequality (3.19), assume that (B1) and (B2)
hold and that g satisfies (3.20).
(i) If d =0 and there exists a strictly positive v € RY. such that
IG(M)g(ty)lo < lylo Yy eRE, Ve Ny,
then there exists I' > 0 such that, for all 2° € R, every solution x of (2.53) satisfies
o)l < I'[la°] VteNo.

(ii) Ifd =0 and there exist a strictly positive v € RE and a lower semi-continuous function e : RE. — R,
such that
e(y) >0 and [G()g(t,y)lv+e(y) <lylo VyeRL\{0}, t €No,

then, for all 2° € R™, every solution x of (3.19) satisfies z(t) — 0 as t — oc.
(iii) If there exist a strictly positive v € RE., p € (0,1) and © > 0 such that
IGMgty)lo < plyle Yy eRY, [y =0, VteNy,

then there exist I' > 0, v € (0,1) such that, for all 2° € R% and all d € (79, (No; R, every solution
x of (3.19) satisfies

t,.0
el < (v 1a°) + max |ld(r)[| +5) VieN.

Here
B=p6)=|B| sup (sup (dist(g(t,y),T(t,y)))) ,

lyll<& \teNo
and

T(t,y) :=={w € [0,9(t,y)] SR} : |G(L)wl, < plylv} -
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We conclude this section with some commentary on the discrete-time Lur’e system (3.18), and compare
our results with others available in the literature.

Remark 3.4 (a) Note that if @ = 0 in statement (iii) of Corollary 3.3, then 5(©) = 0 and the zero
equilibrium pair of the Lur’e difference inequality (3.19) is exponentially ISS, that is, (3.03) holds.
Consequently, if © = 0, then the zero equilibrium of the unforced (d = 0) Lur’e difference inequality is
globally exponentially stable.

(b) The comments in Remark 2.14 pertaining to the continuous-time result Corollary 2.13 have discrete-
time analogues in the context of Corollary 3.3. To avoid repetition, we do not repeat them here, other
than noting that the statements (i)—(iii) of Corollary 3.3 are similar to [59, Theorem 15], where different
assumptions are made to those made here.

(c) Corollary 3.3 demonstrates that the weighted one-norm constraints imposed in (i)—(iii) are suffi-
cient for respective notions of absolute stability. We claim that when m = p = 1, the conclusions of
statements (ii) and (iii) do not hold if their hypotheses are not satisfied. To that end, consider (3.18)
with m = p =1, d = 0 and a linear function y — ¢(y) = By, for some S > 0. Suppose further that
B and G(1) are such that (3.01) holds with equality (for any 0 < v7 — when p = 1, v appears as a
multiplicative scalar on both sides), that is,

G(1)fy=y VYy=0.
Clearly, 8 and G(1) must be related by

1 1

S TR Tl

and it is straightforward to prove that (A 4+ 8bc”) = 1 meaning that 3 is a destabilising perturbation.
In particular, (3.18) becomes

z(t+1) = (A+ Bbeh)a(t), z(0) =2, teNy,

and so ||z(t)|| 4 0 as t — oo in general (dependent on z°). We note that statement (i) of Corollary 3.3
holds, but that statements (i) and (iii) do not. More generally, for arbitrary ¢ : Ry — Ry, whenever
y* > 0 is such that

G(L)gly") =y", (3.21)
in particular meaning that the estimates in both (ii) and (iii) do not hold, then z* := (I—A)~!Bg(y*) is a
non-zero equilibrium of (3.18) and the zero equilibrium of (3.18) cannot then be globally asymptotically
or exponentially stable. The papers [49] and [64] consider attractivity and stability properties of the
non-zero equilibrium 2* when m = p = 1 and under conditions on A, B,C' and g which ensure that
y* >0 in (3.21) is unique. O

Remark 3.5 We provide some commentary comparing our results with material from the positive systems
and control literature. The paper [63] (see also [65]) considers ISS for forced monotone dynamical systems,
including those of the form

x(t +1) = I(x(t),v(t)), 2(0)=2 teNy, (3.22)
where I' : R x R* — R’} satisfies I'(0,0) = 0 and is monotone increasing, that is,
(.Tl,’Ul) < (.TQ,UQ) = F(.Tl,’Ul) < F(mg,’l}g) V(.Tj,’l)j) S Ri X RT

Clearly, in the case that the discrete-time Lur’e system (3.18) is autonomous, then it is an instance
of (3.22) with n =m and

R} xR} 3 (z,v) = I'(z,v) := Az + Bg(Cz) + v € R]}. (3.23)

Moreover, if g : R — R’ is continuous and monotone with g(0) = 0, then I' defined by (3.23) is
continuous, monotone and satisfies I'(0,0) = 0. It is straightforward to prove that, under the assumptions
of Corollary 3.3, if the first inequality in statement (iii) of Corollary 3.3 holds with @ = 0, then I" given
by (3.23) satisfies the inequality [63, equation (17)]. Hence, by [63, Theorem 3], it follows that the zero
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equilibrium pair of (3.18) is ISS. Similarly, in the unforced case, it can be shown that the first inequality
in statement (ii) of Corollary 3.3 implies that

seR} and I'(s,0)>s = s=0,

and so global asymptotic stability of the zero equilibrium of (3.18) may be inferred from [62, Proposition
5.12]. Thus there is partial overlap between our results and those of [62] and [63], in the special case that
the Lur’e system under consideration is monotone. By way of contrast, we comment that the positive
Lur’e systems considered throughout the current paper, although positive, need not be monotone. [

4 Examples

We consider three worked examples.

Ezample 4.1 We consider stabilisation of single-input single-output (SISO) continuous-time, linear posi-
tive systems by quantised output feedback. Given

i=Ar+bu+d, x(0)=a",

_ T
y=cx,

(4.01)

where, as usual, u, x,y and d denote the input, state, output and exogenous disturbance, respectively,
suppose that A € R™*" is Metzler and b,c¢ € R’ are nonnegative, that 2° € R’ and that a(A4) > 0,
meaning that the uncontrolled linear system is unstable. The control objective is to stabilise (4.01) by
static output feedback which is subject to quantisation. Specifically, for fixed 7 > 0, consider the upper
semi-continuous quantisation function ¢ : Ry — R defined by

qiy) :=7(m—1) Vye[m—1)r,mr), meN, (4.02)

which is a coarse under-estimate of the identity function y — y, and an example of which is plotted in
Fig. 4.1 (a).

We assume that G # 0, where G is the transfer function of (4.01), and that there is a feedback-gain
k > 0 such that A—kbc” is Metzler and Hurwitz. With these assumptions we seek to apply Theorem 2.11
or Corollary 2.12 to investigate stability properties of the zero equilibrium of the linear system (4.01)
in feedback connection with the quantised output feedback u = —kq(y), together with the requirement
that 2(t) € R’} for all t € R’. The feedback connection may be formally written as

&= Az — kbg(c"z) +d, x(0)=2".

Associated with ¢ and k is the set-valued function Hy : Ry — Py(R4), given by

Hy(y) = {kQ(y) y € ((m = Lj7,mm) meN,

[(m — 1)kr,mkt] y=mr
which “fills in the jumps” in kq with closed intervals and leads to the differential inclusion for x
i — Az € —bHp(c"2) + D, x(0) =", (4.03)
where D := {d}. To fit our current framework of positive Lur’e inclusions, we rewrite (4.03) as
i — (A —kbch)x € blkc'x — Hy(c"x)] + D(t), z(0) =2°, (4.04)

which is in the form (1.03) with A replaced by A — kbc” and F : Ry — Py(R}) given by F(y) :=
ky — Hy(y), which is plotted in Fig. 4.1 (b).

By our hypothesis on k and construction of Hy, assumptions (A1)—(A3) are satisfied by the Lur’e
inclusion (4.04). Further, F' has compact values and is upper semi-continuous (which is readily verified
or see, for example, [26, Example 1.3, p.5]) and D is locally bounded, measurable, with closed, convex
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Fig. 4.1: (a) Quantisation function ¢ from (4.02) (solid line) and y — y (dashed line). (b) Set-valued
function F' with singleton-values in solid lines and interval-values in dotted lines.

values. Therefore, by Proposition 2.10, for every 2% € R”, there is a global solution of (4.04) which
satisfies z(t) € R% for all t € R,.

Let G}, denote the transfer function of the triple (A — bke™, b, cT), that is,
Gr=({I+kG)'G.
We have that G (0) = ||Ggl||m= is positive (indeed, we have that G = 0 if, and only if, Gy = 0).

For simplicity, assume that G is defined at zero!. We consider two exhaustive cases. If G(0) > 0, then
G;(0) = G(0)/(1 + kG(0)) = p/k for some p € [0,1), and noting from Fig. 4.1 (b) that

w<ky YweF(y), Vy>0,

it follows that Theorem 2.11 applies and the zero equilibrium of (4.03) is exponentially ISS, which implies
that A is Hurwitz, which is false by hypothesis. We conclude that G(0) < 0, so that G (0) > 1/k and
by choosing p = G (0)(k — 6) € (0,1) for # sufficiently close to k, in light of Fig. 4.1 (b) it follows that

GrOw<py VweF(y), VyeRy=>7.

Corollary 2.12 now applies, so that the zero equilibrium of (4.03) is exponentially ISS with bias, here
with © in that result equal to 7 and

B = [bllsup {w — py/Gr(0) : we F(y), 0 <y <7} =|bl|(k(1—p) — p/G(0))T,
which, note, is a linear function of 7.

For a numerical simulation, consider (4.01) with the following

-3 2 4 1 10
A= 2-1 5], B=[(0|, ¢c=(011), 2"=1[10]. (4.05)
4 0-3 0 10

Upon inspection, we see that k = 2 renders A—kBC = A—2BC Metzler with a(A—2BC) = —0.172 < 0,
so that k = 2 is stabilising. Fig. 4.2 plots solutions of (4.03) with k& = 2 for several 7 > 0, subject to a
nonnegative, periodic disturbance d given by

d(t) = 0.3(1 +sin(0.6t)) ¢ € R, . (4.06)

The norm of the state decreases with decreasing 7, corresponding to finer quantisation. For comparison,
Fig. 4.2 also contains a plot of the solution of (4.01) subject to the output feedback u = —ky (without
quantisation).

We conclude by summarising that “linear positive stability”, that is, A — kbc? Metzler and Hurwitz, is
sufficient to ensure that the zero equilibrium pair of the closed-loop quantised feedback system is ISS with
bias and the state remains positive. Consequently, the problem is one of static output feedback control
design for linear positive systems via the choice of k, which has been considered in, for example, [21].
Observe that the constant I" depends only on A, b, ¢,k and p € (0,1). Clearly, § is a decreasing function
of 7, which captures the coarseness of the quantisation, and, as such, the ISS with bias bound for ||z(t)]]
decreases (viz. improves) with decreasing 7, or finer quantisation, as we would expect, and as seen in

Fig. 4.2. O

1

although this assumption is not needed, it eases exposition.
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Fig. 4.2: Numerical simulations of (4.03) with model data (4.05) and disturbance (4.06), ¥ = 2 and
7 € {0.5,0.25,0.125} in solid, dashed and dashed-dotted, respectively. The dotted line is un-quantised
feedback system — the solution of (4.01) with u = —ky.

Ezxample 4.2 Consider the following model for a population partitioned into n € N, n > 3, discrete
stage-classes:

x1(t+1) —s121(t) € Fy Zul(t)cjxj(t) ZuQ(t)cjxj(t), x1(0) = 29
=1 =1 teNyg.  (4.07)
Lot + 1) — soxo(t) € Fo(xy (1))us(t)z1(t), x2(0) = 29
$i(t+1) = sixi(t)—l—hi_lxi_l(t), xz(O) :ac?, 1€ {3,4,...,71}

Here z;(t) denotes the abundance or distribution of the i-th stage-class at time-step ¢. The s; and h;
are probabilities denoting survival (or stasis) within a stage-class, and growth into the next stage-class,
respectively. As such s;,h; € (0,1] and s; +h; < 1foralli e {1,2,...,n} and j € {2,...,n — 1}. The
¢; terms are non-negative constants which capture the fecundity of the i-th stage-class. The set-valued
functions F; and F, capture per-capita reproduction and per-capital survival rates, respectively, and are
modelled thus to accommodate for uncertainty in accurately describing these processes. If F} and F; are
constant singleton-valued functions, meaning that there is no density-dependence, then (4.07) may be
expressed as matrix population projection model, see [70]. We are assuming, as is often the case, that
recruitment is into the first stage-class, which typically denotes eggs, juveniles or seeds, in an insect,
animal or plant model, respectively.

Finally, u1, us and ug are forcing (controls or disturbances) affecting the reproductive rates, the number
of offspring of reproductive individuals and the number of individuals which transition from the first
to second stage-classes, respectively. They are modelled to act multiplicatively so that, in particular,
u1 = uz = ug = 1 corresponds to the absence of forcing. In an animal model, to reduce a population, the
term uq(t) < 1 could reflect applying contraceptives to (a proportion of) the population, for instance,
and wuz(t) < 1 could model the removal of new juvenile members of the population, whilst ug(t) < 1
corresponds to the removal of members of the population which are transitioning from first stage class
into the second, perhaps by culling, harvesting or moving individuals.

For constant u1,us and ug, the model (4.07) may be written in the form of (1.04) with

S1 o o0 --- 0 10
0 S92 ' : 01
- . . . - : . [c1cC2... Cn
A= gy o e ., B:=]:0], C.<1 g 0),
: S0 s
0... Ohn_lsn 00

#((5)) = €)oo ()

For ease of exposition in the present example, we address the following problem: assuming that

Fi(y) =[fr (), fi(y)] and Fa(y) = [f5 (v), f5 (y)] YyeRy,
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for functions fi, fi", f5, f5 : R4 — R, which satisfy

ST < fify) and f(y) < ff(y) YVyeRy,

find conditions on G(1), F1, F, u1, us and ug such that zero equilibrium of (4.07) is stable. The functions
i, [, £y, £ are typically assumed to be continuous, non-negative valued and either sub-linear for large
arguments or bounded. These latter qualitative properties seek to model density-dependent crowding,
saturation and competition effects in the population, particularly at large abundances.

It is clear that A, B and C satisfy (B1) and as 0(A4) = {s1,...,Sn}, it follows that A satisfies (B2). An
elementary calculation shows that

-1

1-s; 0 0 - 0 10
0 1—s9 = ° : 01
o o -1 o C1 C2 ... Cp, . . . :
G(1) =C(I - A) B_(1 o 0) L hy 0
0 ... 0 —h, 11—s, 00
c1 n ) 7 hi_1
== 2l it ) (m az) with hy :=1,
1751| 0 e %} 0

where a1, as, a3 > 0. To apply Theorem 3.1, we require vl = (vl ’02) > 0 and p € [0, 1] such that
vTGw < pwly Ywe F(y), Vyce Ri_ ,

and, without loss of generality, we may assume that v; = 1. If p = 1, then statement (i) of Theorem 3.1
applies and if p < 1, then statement (iii) of Theorem 3.1 applies. Expanding the above inequality, we
require vy > 0 such that

w
o wy + apwg + veozwy < py1 + puaye Y (wi) € F( () )a Yy, y2 € Ry . (4.08)

Using the definition of F', we see that (4.08) holds if
(1 +v2a3) fi (wiyn)uzyr < py1 and o fy (y2)usyz < pvaye Vyr,y2 € Ry,
or, equivalently, if
(1 +v2a3) fi (wiyn)uz < p and  aofy (y2)us < pva Yyr,y2 € Ry . (4.09)

It follows that (4.09) is a sufficient condition for stability of the zero equilibrium which is independent
of the lower bounds f; and f, for F. Indeed, the “worst case” scenario from the point of view of
destabilising the zero equilibrium corresponds to the upper bounds f; and f; for F', which both appear
in (4.09). Furthermore, if f;" and f; are assumed bounded, then (4.09) can be satisfied for p < 1, if
ue and wug are sufficiently small. Recall that in the present context control acts multiplicatively, and
so “small” up and ug correspond to “large” control efforts. For fixed ;, f;” and p, the first inequality
in (4.09) may be satisfied by making us sufficiently small. There is then some freedom in how small ug
has to be to satisfy the second inequality, through the choice of vy, which itself may be large. However,
we note that the functions z — f; () and z ~ f; (u12) have the same image for each fixed positive
u1, and hence u; alone cannot necessarily guarantee that the first inequality in (4.09) is satisfied — and
small us may be required as well. Arguably these observations would have not been as apparent from
the difference equations (4.07) alone. O

Ezample 4.3 To illustrate the difference between Corollary 2.13 and the absolute stability results of [58],
we consider (2.52), with n =m =p =2 and

G(0) = <O‘ ﬂ), g RE SR g(y) = (Weyl) Vy = <z;> € R? (4.10)

¥ 5 yle_yZ
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where «, 8,7v,0 > 0 are parameters. Throughout this example we are considering the unforced version
of (2.52), and so assume that d = 0 in (2.52). A positive, stable realisation of G is

A=-1, B:=1 C:= (aﬂ).
)

which clearly satisfies assumptions (A1), (A2). It is readily seen that (A3) holds as well. We seek
conditions on «, 3,7,8 > 0 which ensure that there exists a strictly positive v7 = (v1 ’02) € Ri such
that

vTG(0)g(y) <oy Vy= (z;) €R}, y#0,
which, by statement (ii) of Corollary 2.13 guarantees that the zero equilibrium of (2.52) with model

data (4.10) is globally asymptotically stable. Note that there is no loss of generality in assuming that
v1 = 1 and, expanding the above expression, we require that «, 8,7, and vy satisfy

(a4 vay)yoe ™ + (B +v2d)yre™ <y1 +v2ys Vy= <z;> €RY, y#0,

which is certainly satisfied if
a+uvey<wy and SB+wvd<1. (4.11)
In order to apply [58, Theorem 7.2] we require M € Ri” such that

gly) <My VyeR: and 17G(O)M <« 17.

01
v (0 <ur

and so substituting M = N into the second condition yields
at+y<1l and f+0<1, (4.12)

which corresponds to taking vy = 1 in (4.11). Clearly, if 846 > 1, then (4.12) cannot hold, but if 5,y < 1
and

The first condition necessitates that

« - <1
< -~
1—7v 2 5

then (4.11) holds, and so statement (ii) of Corollary 2.13 applies. Similar examples may be constructed
in discrete-time. (I

5 Discussion

Global stability of the zero equilibrium of systems of positive Lur’e differential and difference inclusions
has been considered. We have also considered input-to-state stability of the zero equilibrium pair of
these inclusions when subject to exogenous forcing. Under rather mild assumptions on the set-valued
term F, results available in the literature germane to the existence of local solutions of differential
inclusions are readily applicable in the present context. Therefore, in the continuous-time case, we have
focussed on stability of global solutions, and have presented conditions in terms of weighted one-norms
of the “product” G(0)F(y) of the steady-state gain G(0) and set-valued nonlinearity F', reminiscent
of classical small-gain conditions, which are sufficient for global stability properties, including ISS for
forced inclusions. As we commented in Remark 2.6, sufficient conditions for the small-gain estimates are
the existence of suitable nonnegative matrices M such that linear constraints of the form G(0)w < My
for all w € F(y) and y € RY hold. The stability conditions presented guarantee existence of global
solutions provided standard assumptions for existence of local solutions are satisfied. Our main results
are Theorems 2.5 and 2.11 in the continuous-time case, and Theorem 3.1 in discrete-time. As corollaries
we obtained a so-called ISS with bias result, Corollary 2.12, for forced inclusions where the small-gain
condition fails on some bounded set, and suites of stability results for systems of positive Lur’e differential
and difference equations and inequalities, Corollaries 2.13 and 3.3. Two key differences to our earlier work,
notably [60], is that the linear components of the Lur’e inclusions are multivariable and, second, here we
consider differential inclusions, rather than differential equations. Comparisons to other relevant results
available in the literature appear in Remarks 2.14, 3.4 and 3.5 and worked Examples were presented in
Section 4.
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