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Abstract— The paper deals with global stability analysis
of linear control systems with saturation in feedback driven
by an external input. Various new criteria based on nonquadratic Lyapunov functions are proposed, that unlike many
previous results, offer better account for the role of the external
excitation by providing input-dependent conditions for stability
of solutions. For example, it is shown that even if the system
fails to satisfy the incremental version of the circle criterion, the
stability is guaranteed whenever the uniform root mean square
value of the input signal is less than a computable threshold.
The general theoretical results are illustrated in the case of the
double integrator closed by a saturated linear feedback with
an external excitation.

I. I NTRODUCTION
In most practical applications, control systems are affected
by external inputs, either excitations or reference signals. The
controllers are often to be designed so that all solutions of the
resultant closed-loop system “forget” their initial states: they
converge to a common process determined only by the input
signal. For linear systems and feedbacks, this can be achieved
by merely making the closed loop system asymptotically
stable in the absence of inputs.
However, for nonlinear systems the situation is much more
complicated. In particular, even if such system is globally
asymptotically stable without inputs, a proper external input
may exhibit unstable (yet bounded) behavior and/or multiple
stable solutions. Conditions under which this is not the
case and, moreover, all solutions converge to a common
“steady-state” process have been addressed in a number of
publications. The last property was investigated for systems
with time-periodic right-hand sides in [1], where those with
a unique periodic globally asymptotically stable solution
were called convergent. This definition was extended to not
necessarily time-periodic systems in [2]: a system is said to
be convergent if there exists a unique solution that firstly is
defined and bounded on the entire time axis and secondly
is globally asymptotically stable; see also [3]. Since this
solution attracts all other solutions, regardless of their initial

states, it may be interpreted as a “steady-state” process.
Convergence of solutions to each other was also addressed
in the 60’s by LaSalle and Lefschetz [4] and Yoshizawa [5].
Several decades after these publications, the interest in
mutual attraction of solutions revived in control community.
In the mid-nineties, [6] introduced the relevant notion of
contraction and independently obtained the afore-mentioned
result of Demidovich. A different approach was pursued in
[7]. In [8], a Lyapunov approach was developed to study the
relevant phenomenon of global uniform asymptotic stability
of every solution, which was called incremental stability.
Incremental stability is also known as extreme stability [5].
The differences between incremental stability and convergent
systems are explored in [9].
Starting from [10], the overwhelming majority of constructive criteria for mutual convergence was established by
means of quadratic Lyapunov functions. Furthermore, they
give input-independent criteria that do not take into account
particular properties of the inputs and thus often yield overly
strong conditions: no input is capable of destroying the mutual convergence. To the best of the authors knowledge, few
exceptions in the form of input-dependent criteria concern
only very restricted classes of either systems [11] or inputs
[12].
The goal of this paper is to derive new constructive inputdependent criteria for mutual convergence of solutions in
systems with saturated feedback that provide a better insight
on the relevant effect of the input. To this end, we employ
non-quadratic Lyapunov functions by developing techniques
recently presented in [13].
The paper is organized as follows. First we present a motivating example. Then, in Sect. III, we introduce the basic
notion of convergent systems. The main ideas underlying our
results are exposed in Sect. IV, whereas the main results are
presented in Sect. V. They are illustrated by an example in
Sect. VI. Finally, some conclusions are outlined. The proofs
of the results are available upon request and will be given in
the full version of this paper.
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II. M OTIVATING EXAMPLE
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We consider the double-integrator closed by the saturated
linear feedback with an external harmonic excitation:


ẍ = sat − ẋ − x + u(t) ,
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where u(t) = b sin ωt. By employing a Lyapunov function
in the Lur’e-Postnikov form (a quadratic form plus integral
of the nonlinearity), it is straightforward to see that the
free system (u(t) ≡ 0) is globally asymptotically stable.
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Fig. 1. Amplitude of −ẋ − x + u versus the amplitude b of the excitation
signal u(t) = b sin ωt with ω = 0.75.

So it may be expected that at least for small amplitude and
frequency of the excitation signal, the corresponding periodic
steady state solution is globally asymptotically stable as
well. As for relatively large amplitudes, a simple numerical
experiment illustrates their effect, as is depicted in Fig. 1.
Specifically, let us increase the amplitude b of the excitation
from zero so slowly that the transient behavior becomes
negligible. In doing so, we see that the amplitude of the
argument −ẋ − x + u of the saturation nonlinearity increases
gradually until a jump occurs. Surprisingly, if one then
starts to slowly decrease b, the amplitude of ξ demonstrates
a hysteresis-like behavior clearly displayed in Fig. 1 for
ω = 0.75.
It follows that the same input signal gives rise to multiple
steady-state periodic solutions for b’s beneath the hysteresis
loop (approximately for b ∈ (1.6, 1.8)), which is incompatible with global stability of any of them. With practical
relevance in mind, it would be interesting to obtain conditions on the input signal that guarantee global stability of the
steady-state forced oscillations in systems with saturation in
feedback.
It is not surprising that the system at hand fails to satisfy
the incremental version of the circle criterion since this
criterion guarantees input-independent stability of forced
oscillations. This system also does not satisfy the inputdependent criterion based on Zames-Falb integral quadratic
constraints and elaborated in [14]. Partly in view of these,
we will get rid of quadratic Lyapunov functions in favor
of special non-quadratic functions by developing some ideas
recently set forth in [13].
III. C ONVERGENT SYSTEMS
In this paper, we consider systems of the form
ẋ = f (x, u), x ∈ Rn , u ∈ Rm

(1)

with the input u = u(t) taken from a given class U of admissible input functions u(·). The right-hand side f (·) of (1)
satisfies mild regularity assumptions that guarantee existence

and uniqueness of solution x(·) with x(t0 ) = x0 for any
input u(·) ∈ U and initial data t0 , x0 . This solution defined
on the maximal interval is denoted by x(t, t0 , x0 , u(·)),
where the arguments from the set t0 , x0 , u(·) that are clear
from the context will be typically dropped for the sake of
brevity. In this section, we introduce the notion of convergent
systems, which extends the definition given by Demidovich
[2], [3].
Definition 3.1: The system (1) is said to be uniformly
convergent for the input u(·) ∈ U if there exists a solution
x̄u (t) of (1) satisfying the following conditions:
i) x̄u (t) is defined and bounded on the entire time axis
(−∞, +∞);
ii) x̄u (t) is uniformly globally asymptotically stable.
Any x̄u (t) satisfying i) and ii) is called the steady-state
solution.
Even if the “ uniformity” requirement is dropped in ii), any
solution “ forgets” its initial data by converging to a steadystate solution, which is independent of these data. However in
this case, the steady-state solution may be non-unique though
the difference between such solutions annihilates as time
progresses: ||x1 (t) − x2 (t)|| → 0 as t → ∞ for any steadystate solutions x1 (t) and x2 (t). Conversely for uniformly
convergent systems, the steady-state solution is unique and
moreover, this is the only solution that is bounded on the
entire time axis (−∞, +∞) [15].
In the original definition of convergent systems given
in [2], the steady-state solution is required to be unique
and merely globally asymptotically stable, not necessarily
uniformly. Definition 3.1 does not contain a request for
uniqueness since this property follows from ii) [15].
Our interest is focused on the situation, rather ubiquitous
in applications, where the system is not uniformly convergent
for all feasible inputs u(·) ∈ U though it possesses this
property within some non-empty proper subset Uconv ⊂ U,
like in the example from Sect. II. The objective is to obtain
an explicit estimate of this subset. A criterion for uniform
convergence providing such estimate in this situation is said
to be input-dependent.
IV. S TABILITY ANALYSIS VIA AVERAGING FUNCTIONS
The objective of this section is to highlight the major
ideas underlying the proposed techniques of the convergence
analysis. To this end, we systematically sweep away technical
details, focus on main points, and simplify the matters
by assuming the right-hand side of (1) smooth in both
arguments, which in fact does not affect the above ideas.
In the most general outline, the following three steps can
be carried out for u(·) ∈ U to establish that the system is
uniformly convergent:
s1) Proof that the system is uniformly globally bounded in
the sense given by the definition from (Sec. 4.8 in[16]);
s2) Proof that there exists a solution that is defined and
bounded on the entire time axis;
s3) Proof that this solution is uniformly globally asymptotically stable.

The first two steps are preliminary and can be carried out
by more or less standard methods. The property from s1) is
not superfluous since it is evidently inherent in any uniformly
convergent system; this property can be established e.g.,
by means of a proper Lyapunov-like function. Based on
s1), the property from s2) can be directly derived by the
standard arguments. These preliminary steps not only prove
i) from Definition 3.1 but also permit us to shrink the zone
of attention from the entire unbounded state space Rn into
its bounded subset that absorbs all solutions and exists since
the system is uniformly globally bounded.
Main troubles are encountered in step s3), where we in fact
should compare two solutions x1 (t) := x(t, t0 , x0 ), x2 (t) :=
x(t, t0 , y0 ) and establish their convergence to each other:
d(t) := kx2 (t) − x1 (t)k → 0 as t → ∞. Discussion of
this step is started with the simple observation: by the multidimensional variant of the Lagrange’s mean value theorem,
d(t) ≤ sup
0≤θ≤1

∂x
(t, t0 , x0 + θ(y0 − x0 )) d(0).
∂x0

Another useful and well-known fact is that here
∂x
X(t, t0 , x0 ) :=
(t, t0 , x0 )
∂x0
is the fundamental solution to the following linear timevarying system

∂f 
x(t, t0 , x0 ), u(t) . (2)
ξ˙ = J(t)ξ, where J(t) :=
∂x
Combining these observations shows that step s3) can be
boiled down to analysis of the parametric variety of linear
differential equations (2) with the parameters t0 , x0 , u(·).
Specifically, it suffices to prove that for some K-function
κ(·) [16] and ε > 0, the following implication holds
||x0 || ≤ a ⇒ ||X(t, t0 , x0 )|| ≤ κ(a)e−ε(t−t0 ) ∀t ≥ t0 . (3)
A standard way to establish estimates like this is via the
use of Lyapunov functions V (ξ) for the parametric variety
of linear systems (2). The simplest approach is to try a
parameter-independent quadratic function V (ξ) = ξ > P ξ
with a positive definite matrix P for the role of the Lyapunov
function common for all parameters, including u(·)’s. By
following these lines, one may derive stability conditions
similar to those due to Demidovich, which may also be
written in the forms of frequency domain inequalities for
Lur’e systems; see [10] for details. The main drawback of
this approach is that it is, on the one hand, too restrictive
by reliance on existence of a common quadratic Lyapunov
function and, on the other hand, is too rough in account for
the effect of the input. As a result, its typical outcome was
an input-independent criterion up to now.
A more sophisticated and flexible approach can be borrowed from [17], where the notion of the Finsler-Lyapunov
function was introduced for contractivity analysis of dynamical systems on smooth manifolds. By treating Rn as a smooth
manifold and observing that ξ in (2) has the natural sense of
the tangent vector, we arrive at the idea to enlarge the class
of candidate Lyapunov functions by allowing the matrix P

to depend on the state and time: V (ξ, t) = ξ > P [x(t), t]ξ.
This potentially provides better account for the effect of
the input u(·) since the employed function depends on u(·)
via the relation x(t) = x[t, t0 , x0 , u(·)]. However practically
this class is too wide to elaborate verifiable criteria to judge
whether it does contain a Lyapunov function.
To cope with this trouble, we restrict the class of candidate
Lyapunov functions based on the concept of the “ averaging
function” from the dimension theory in dynamical systems
[18], [19]. The overall effect from this may be interpreted as
the use of quadratic functions with simultaneously weakening the conventional requirement to the Lyapunov functions:
instead of decaying at any time instant, decaying only “ on
average” is requested; for a similar approach, see also [20].
In the remainder of the section, we outline a particular way
to perform this, thus describing the main methodological
contribution of the paper.
A. Averaging functions
To the best of the authors knowledge, the concept close
to averaging functions appeared first in studies related to
dimension theory for systems of differential and difference
equations (see e.g., [18], [19] and literature therein). The concerned ideas and terminology were developed and adapted
to stability analysis in [13].
Specifically, we limit attention to the Lyapunov function
candidates of the following form:
V (ξ, x, t) = ξ > P ξ exp[w(x, t)],

(4)

where P is a positive definite matrix and w(x, t) is a scalar
differentiable function of state x and time t, called the
averaging function. Formula (4) indeed gives a Lyapunov
function if the matrix
J(t)> P + P J(t) + ẇP

(5)

is uniformly negative definite and w[x(t), t] is a bounded
function of time. In this case, the quadratic form V(ξ) :=
ξ > P ξ is also a Lyapunov function if w is constant or
merely non-decaying ẇ ≥ 0. However most interesting
applications of the functions (4) employ w with non-signdefinite derivative ẇ for which V(ξ) is not a Lyapunov
function in general. However the uniform negativity of the
matrix (5) easily implies that for some ε > 0,
V[ξ(t)] ≤ V[ξ(t0 )]e

−ε(t−t0 )−

Rt
t0

ẇ(s)ds

= V[ξ(t0 )]e−ε(t−t0 )−{w[x(t),t]−w[x(t0 ),t0 ]} . (6)
Since here w[x(t), t] is bounded, the first summand in the
sum ε(t − t0 ) + {w[x(t), t] − w[x(t0 ), t0 ]} dominates over
the second one as t → ∞, which means the exponential
convergence and entails the required estimate of the from (3).
However (6) does not imply that V[ξ(t)] decays monotonically, like Lyapunov functions do, since the second summand
may be negative and dominate over the first one at any time
t. The decay results from averaging the effects of w over
large enough time intervals. This explains both terminology
and the main benefit: a possible conservatism caused by

quadratic Lyapunov functions is reduced by allowing the
function to decay not monotonically but only “ on average”
over extended time horizons.
Rigorous criteria for stability of forced solutions via the
averaging functions are offered in [13].
In this paper, we equip the general approach from [13]
by a novel technique of finding averaging functions. The
idea is to utilize input-output properties of the system (1)
with properly chosen output and the associated dissipation
inequalities. In doing so, we employ the averaging technique
due to Steklov (see, e.g. [21]), which is briefly outlined in
the next subsection. It will be used to sharpen the relevant
upper estimate of ẇ.
B. Steklov’s averaging technique
This technique is used in various areas, providing areadependent benefits. For example, it sometimes reduces, more
or less, stability analysis of linear time-varying differential
equations to that of an LTI system via the so-called Htransformation [22], [21]. This is of especial interest for this
paper, which deals with time-varying inputs though in the
context of non-linear systems.
The discussed technique is based on replacement of a
concerned function r(·) by its Steklov average with a certain
step T :
Z
1 t+T
T
r(τ )dτ.
r (t) =
T t
In doing so, various other relations between the original and
averaged functions appear to be useful. Now we present
some of them, which are of particular interest for this paper.
Specifically, they will be used to transform input-output
dissipation inequalities into a tractable form via averaging
oscillating inputs and related terms.
The symbol Lloc
2 [R → R] stands for the space of all
measurable functions v(·) : R → R that are square integrable
on any bounded interval; evidently, L∞ [R → R] ⊂ Lloc
2 [R →
R]. Given v(·) ∈ Lloc
2 [R → R] and t0 ∈ R, we introduce the
following function of t ∈ R and T > 0, which is the (nonnormalized) bias caused by Steklov averaging of v 2 (·)
!
Z t
Z
1 τ +T 2
2
σ(t, T ) :=
v (s)ds − v (τ ) dτ. (7)
T τ
t0
The first relation of interest is given by the following lemma.
Lemma 4.1: supt |σ(t, T )| ≤ T · ess supt v 2 (t), where
ess sup is the essential supremum.1
Proof: See Lemma 5.4.1 in [21] (see eq. (5.4.4)), see
also [22], (p. 541).
To state the next relation, we need
the following.

Definition 4.2: For v(·) ∈ Lloc
R
→
R , the uniform root
2
mean square (URMS) value is the quantity
s Z
1 t0 +T 2
URMS(v) := lim sup sup
v (τ )dτ .
T t0
T →∞ t0
1 In

other words, this is the least upper bound that is valid everywhere,
except on a set of measure zero.

In other words, this is the asymptotical (as the step T → ∞)
value of the least upper bound on the square root of the
Steklov average of v 2 (·). Simultaneously, this is an estimate
of the mean power of thesignal v(·).
 Let Bβ (β ≥ 0) stand for
the set of all v(·) ∈ Lloc
R
→
R
such that URMS(v) ≤ β.
2
Lemma 4.3: Suppose that v(·) ∈ Bβ . For any ε > 0, there
is a positive number T > 0 such that for almost all t,
∂σ
(t, T ) ≤ β 2 − v 2 (t) + ε.
σ̇(t, T ) :=
∂t
This holds irrespective of the choice of t0 in (7).
The ideas outlined in this and previous subsections underly
a self-contained technique sufficient to derive constructive
input-dependent criteria for uniform convergence.
V. I NPUT- DEPENDENT CRITERIA FOR CONVERGENCE OF
SYSTEMS WITH SATURATION IN FEEDBACK

We consider the following system
ẋ = Ax + B sat(F x + u),

x ∈ Rn , u ∈ R

(8)

with the constant matrices A, B, F of appropriate dimensions. In (8), sat(·) is the standard saturation function sat z =
sign z min{1, |z|} and u = u(t) is the excitation input. It is
generated by the following linear pre-filter
ζ̇ = Eζ + Gv,
u = Hζ + Qv.

ζ ∈ Rm , v ∈ R

(9)

The mean power of the filter input v(·) is upper limited by
a known constant β > 0. More precisely, we impose the
following.
Assumption 5.1: The input u(t) to system (8) is a bounded
on (−∞, +∞) output of the auxiliary system (9) with v(·) ∈
Bβ .
The pre-filter (9) is introduced to model, if necessary, the
spectral properties of u(·); in some situations, one can take
u = v (i.e., H = 0, Q = 1) and (9) can be ignored.
We also assume that not only the mean power of the signal
v(·) but also its influence on the system (8) can be estimated.
Specifically, we impose the following.
Assumption 5.2: The L2 -gain from v to s := sat(F x + u)
does not exceed a constant γ: there exists a positive definite,
radially unbounded storage function W (x, ζ) that satisfies
the following dissipation inequality:
Ẇ ≤ − sat2 (F x + u) + γ 2 v 2 .
(10)
Before proceeding to criteria for convergence of the system (8), it should be noted that the discussion from Sect. IV
is not immediately applicable in full to this system since
the right-hand side of (8) is not smooth, as was assumed in
that section. At the same time, its major points remain true
modulo standard technical complements.
The convergence criterion is based upon the following
assumption.
Assumption 5.3: There exist a positive definite matrix
P = P > and numbers λ1 > 0, λ2 such that the following
matrix inequalities hold
(A + BF )> P + P (A + BF ) ≤

−λ1 P,

A> P + P A ≤ λ2 P.

For conciseness of presentation, we shall focus on the most
troublesome case where λ2 > 0. The point is that the case
λ2 < 0 is of little interest, since in this case the system
(8) is quadratically convergent and there are no restrictions
on the input u for which the existence of required x̄(·)
with its stability follows. The case λ2 = 0 corresponds
to marginal stability of the matrix A and in this case the
problem has a solution, e.g. for periodic inputs u, as follows
from the generalization of LaSalle invariance principle for
time-varying systems. So, in the sequel, we assume that λ2 is
positive. In this case the assumption can be satisfied even for
hyperbolically unstable A, however Assumption 5.2 restricts
the class of admissible A’s to marginally unstable matrices.
The convergence criterion is established by the following
result.
Theorem 5.4: Consider system (8) with the admissible
input u(·) under Assumptions 5.1, 5.2, 5.3. Suppose the
following inequality holds
λ1
.
λ1 + λ2
Then system (8) is uniformly convergent.
β2γ2 <

(11)

VI. E XAMPLE : DOUBLE INTEGRATOR WITH SATURATED
LINEAR FEEDBACK

Reconsider the example from Sec. II written in the following form
ẋ
ẏ

= y,
= sat(−x − y + u),

ε > 0.

System (12) has the form (8) with




0 1
0
A=
, B=
, F = (−1,
0 0
1

= −2 sat2 z + 2(−εu + v) sat z − 2ε2 u2 + 2εuv
≤

− sat2 z + (−εu + v)2 − 2ε2 u2 + 2εuv

≤

− sat2 z + v 2 − ε2 u2 ≤ − sat2 z + v 2

and hence, γ can be taken as 1. Therefore, by Theorem
5.4 system (12,13)
is uniformly convergent as soon as
√
URMS(v) < 2 3 − 3. Taking ε as small as we wish, it
can be concluded from Theorem 5.4 that the system (12) is
uniformly convergent for all inputs u that satisfy
√
URMS(u̇) < 2 3 − 3.
In a particular case of harmonic input u = b sin ωt the
previous inequality gives the following sufficient condition
for uniform convergence:
q
√
(14)
bω < 4 3 − 6 ≈ 0.9634.
It is worth noting that the conditions imposed in Theorem
5.4 do not require knowledge of the bounds of |u̇|. If one
knows those bounds, like in case of harmonic input, the
stability criterion (14) can be sharpened. To illustrate this
idea, consider the following function
Z z
2
W (x, y, t) = y /2 +
sat sds.
0

(12)

(13)

If for all t |u̇(t)| < 2, the first term in the last expression
is strictly negative in the saturation mode. This fact can be
exploited similar to Example in [13]. Simple calculations
with the same P as above along the lines of Example in
[13] give the following stability criterion for the harmonic
input:
q
 √

√ 
√ 
bω < 2 6 + 4 3 2 + 3 − 4 2 3 + 3 ≈ 0.9814.
(15)
Clearly, this criterion is better than (14). However the new
criterion can be applied to a much wider class of inputs. To illustrate how conservative the criterion derived, we performed
computer simulation similar to the experiment described in
Sec. II. The results of computer simulations are depicted
on Figure 2. The area below the smooth curve selects the
parameters b, ω for which the system is convergent according
to (14). The dots indicate the points for which computer
simulation reveals multiple periodic solutions, which means
that around those points the system is not convergent. It is
worth mentioning that to locate a point on figures similar
to Fig. 1 that corresponds to multiple periodic solutions is
not a trivial problem: the angle at which two branches of
the hysteresis curve diverge can be very acute. Therefore
to find the onset of convergence via computer simulation
will require a more advanced numerical technique than that
described in Sec. II.

− 1).

To verify Assumption 5.3 one can take the following matrix
P


1
1/2
P =
.
1/2
1
Direct calculations give
(A + BF )> P + P (A + BF ) = −P.
Therefore, one can take λ1 = 1 in Assumption 5.3. To
estimate λ2 , one has to find the smallest λ so that

>


λ
λ
A− I
P + P A − I ≤ 0.
2
2
√
Simple calculations give λ2 = 2/ 3, or
√
λ1
= 2 3 − 3.
λ1 + λ2
To estimate the L2 -gain from v to sat z, z = −x − y + u,
as required by Assumption 5.2, take the following storage
function
Z z
W (x, y, u) = y 2 + 2
sat sds + εu2
0

Ẇ

Differentiating this function with respect to time yields

2
u̇
u̇2
2
Ẇ = − sat z + u̇ sat z = − sat z +
+ .
2
4

where u is the output of the following linear system
u̇ = −εu + v(t),

Differentiating W with respect to time along with (12,13)
yields

Fig. 2. The area below the smooth curve selects the region in parameter
space that guarantees convergence. The dots indicate the points where
numerically it was found that the system is not convergent.

VII. C ONCLUSIONS
By a technique based on the so-called averaging functions,
a novel constructive criterion is established that allows to
prove stability of forced oscillations in the case when the
classical incremental circle criterion fails. For linear systems
with saturation in feedback and external input it was demonstrated that one can benefit from the averaging functions
in the special form: the averaging function is the sum of
the storage function that estimates the L2 -gain from the
input to the output of the saturation nonlinearity plus an
input-dependent functional. Development of numerical tools,
based on frequency domain inequalities and/or Linear Matrix
Inequalities, that support the proposed technique, is the topic
of ongoing research.
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